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Abstract  This work is concerned with the iterative regularization of a non-smooth
nonlinear ill-posed problem where the forward mapping is merely directionally but not
Gateaux differentiable. Using the Bouligand derivative of the forward mapping, a Landweber-
type iteration is derived that converges strongly for exact data as well as in the limit of
vanishing data if the iteration is stopped according to the discrepancy principle. The analysis
is based on the asymptotic stability of the proposed iteration, which is shown to hold under
a generalized tangential cone condition. This is verified for an inverse source problem
with a non-smooth Lipschitz continuous nonlinearity. Numerical examples illustrate the
convergence of the iterative method.

1 INTRODUCTION

This work is concerned with the (iterative) regularization of inverse problems F(u) = y for
a nonlinear parameter-to-state mapping F : U — Y between two Hilbert spaces U and Y
that is compact and directionally but not Gateaux differentiable. Specifically, we are interested
in mappings arising as the solution operator to nonlinear partial differential equations with
piecewise continuously differentiable nonlinearities. To fix ideas, let Q be an open bounded
subset of R% d € {2,3}, which either has C%'-boundary dQ or is convex, and consider the
non-smooth semilinear equation

(11) -Ay+y"=u inQ, y=00ndQ

with u € L%(Q) and y*(x) := max(y(x), 0) for almost every x € Q; see [3]. This equation models
the deflection of a stretched thin membrane partially covered by water (see [11]); a similar
equation arises in free boundary problems for a confined plasma; see, e.g., [11, 20, 26]. More
complicated but related models (where the nonlinearity enters into higher-order terms) can be
used to describe problems with sharp phase transitions such as the weak formulation of the
two-phase Stefan problem [18, 29].

Our goal is to estimate the source term u in such models from noisy measurements y° of
the state. For the sake of presentation, in this work we will focus on (1.1), although our results
also apply to similar equations with piecewise continuously differentiable nonlinearities in the
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potential term. Since solution operators to elliptic equations are usually completely continuous,
this problem is ill-posed and has to be regularized. Here we consider iterative regularization
methods, which in contrast to Tikhonov regularization allow an efficient regularization pa-
rameter choice by the discrepancy principle. Recall that the classical Landweber iteration for a
differentiable forward mapping F : U — Y is given by

(1.2) uﬁﬂ = uﬁ + wnF’(uﬁ)* (y5 - F(uﬁ)) , n=0

for a step size w, > 0. For noisy data, the iteration has to be stopped at a stopping index
N = N(8) < o in order to be stable. Assuming that ||y® — y¥|ly < § with y* = F(u") for some
u' € U, it is possible to show that uf\w) — u' as § — 0, provided that a tangential cone condition
(which bounds the linearization error by the nonlinear residual) is satisfied at u'; see [8], [10,
Chaps. 2, 3], [23, Chap. 10]. Needless to say, if F is not Gateaux-differentiable, this procedure is
not applicable.

However, [22] showed that it is possible to replace the Fréchet derivative F’(u) in (1.2) by
another linear operator G, that is sufficiently close to F/(u) in an appropriate sense; in [14, 15],
such an operator was constructed for a class of parameter identification problems for linear
elliptic equations. The purpose of this work is to show that G, can be taken from the Bouligand
subdifferential of F, which is defined as the set of limits of Fréchet derivatives in differentiable
points as in, e.g., [19, Def. 2.12] or [12, Sec. 1.3] and in our case can be explicitly characterized via
the solution of a suitable linearized PDE; cf. (2.8) below. We prove that the resulting Bouligand-
Landweber method is a convergent regularization method under a corresponding generalized
tangential cone condition, which is verified for our model problem provided the set of points
where the non-smooth nonlinearity is non-differentiable has sufficiently small Lebesgue measure
at the exact data y'; cf. Corollary 2.8. The main difficulty here is that the mapping u +— G,, is
not continuous (see Example 2.1), which is a critical tool in the classical convergence analysis.
We address this by showing that in place of the usual stability of the iterates u® of (1.2) (which
does not hold in our case), it suffices that the iterates are asymptotically stable as n — oo
(cf. Definition 3.1), which follows from our tangential cone condition as well. In particular, our
results show that the modified Landweber method of [22] is a regularization under the sole
assumption that the family of operators {G, }, ey is uniformly bounded and satisfies a tangential
cone condition.

Let us briefly comment on related literature. Non-smooth inverse problems have attracted
immense interest in recent years, although the focus is mainly in the context of non-differentiable
regularization methods in Banach spaces; see, e.g., the monographs [21, 25] as well as the
references therein. One particular aspect relevant in our context are variational source conditions
used to derive convergence rates, which require no explicit assumptions on the regularity of the
forward operator and are thus applicable to non-smooth operators as well; see [9]. However,
none of the works so far focus on inverse problems for non-differentiable operators. In particular,
the construction of G, in [14, 15] crucially depends on the linearity of the PDE (for a given
parameter) and leads to the continuity of the mapping u — G,,, which is in fact required for
their analysis. (Hence, their Landweber method is “derivative-free” in the same sense that Krylov
methods can be implemented in a “matrix-free” way.) An alternative to iterative regularization is
Tikhonov regularization, which for problems of the form (1.1) leads to optimization problems that



are known as mathematical programs with complementarity constraints, which are challenging
both analytically and numerically. Well-posedness and the numerical solution, but not its
regularization properties, for the specific example of (1.1) were treated in [3], on which our
analysis is based. Similar results for a parabolic version of (1.1) were obtained in [17].

Organization. The paper is organized as follows. After briefly summarizing basic notation,
in the next section some auxiliary results relating to the continuity, the complete continuity,
and the Bouligand differentiability of F as well as the generalized tangential cone condition are
given. The Bouligand-Landweber iteration is the subject in Section 3. In Section 3.1, we show
its well-posedness as well as the convergence in the noise-free setting. Section 3.2 is devoted to
the asymptotic stability and the regularization property of the our iterative method. Numerical
examples illustrating the proposed algorithm are presented in Section 4. The paper ends with
an appendix verifying the generalized tangential cone condition for a more general class of
non-smooth PDEs involving piecewise differentiable nonlinearities.

Notations. For a Hilbert space X, we denote by (-, -)x and || - ||x, respectively, the inner product
and the norm on X. For each measurable function u, symbols {u < 0}, {u = 0} and {u > 0}
stand for the sets of almost every x € Q at which the value of u is negative, zero and positive,
respectively. For a measurable set S, we write |S| for the d-dimensional Lebesgue measure of S
and denote by 1 the characteristic function of the set S, i.e., 1s(x) =1if x € S and T1g(x) = 0 if
x ¢ S. The adjoint operator of an operator G will be denoted by G*.

2 NON-SMOOTH FORWARD OPERATOR

In this section, we give some auxiliary results relating to the well-posedness, Lipschitz conti-
nuity and complete continuity of the solution mapping for our model problem and discuss its
differentiability properties. We also show that this mapping satisfies the so-called generalized
tangential cone condition. These results will be used in the next section to show convergence
of our iterative regularization strategy.

2.1 WELL-POSEDNESS AND DIRECTIONAL DIFFERENTIABILITY

Let Q c R?, d < 3, be a bounded domain, which either has C%! boundary 9Q or is a convex
domain. For u € L%(Q), we define y, := y as the solution to

-Ay+y"=u inQ,
(2.1)

y=0 ondQ.
From [3], equation (2.1) admits, for each u € L%(Q), a unique solution y, belonging to the space
{y € Hy(Q): Ay e LX(Q)}.

By the regularity of the domain Q, [7, Thms. 2.4.2.5 and 3.2.1.2] implies that y, € H?(Q) for each
u € L*(Q). Therefore, we have the following well-posedness result.



Proposition 2.1 ([3, Prop. 2.1]). Forallu € L*(Q), there exists a unique solution y € H*(Q) N Hy(Q)
to (2.1). Moreover, the solution operator F : u v y associated with (2.1) is well-defined and globally
Lipschitz continuous as a function from L*(Q) to H*(Q) N Hy(Q), i.e., there is a constant Cp > 0

satisfying

(2.2) IF(w) = F()l|l2(0) < Crllu = vll12(q)
(2.3) IFWlf20) < Crllullzzq),
forallu,v € L*(Q).

This implies a fortiori that F is continuous from L%(Q) to L?(Q). In our analysis, we will also
need the complete continuity of F between these spaces.

Lemma 2.2. The mapping F : L*(Q) — L*(Q) is completely continuous, i.e., u, — u implies
F(u,) — F(u).

Proof. From [3, Cor. 3.8], we obtain that F is weakly continuous from L*(Q) to H*(Q) N Hy(Q).
The compact embedding H*(Q) N Hy(Q) < L*(Q) then yields that F : L*(Q) — L*(Q) is
completely continuous. O

We now turn to the differentiability of the solution mapping. We first have that F is (even
Hadamard) directionally differentiable.

Proposition 2.3 ([3, Thm. 2.2]). For anyu € L*(Q) and h € L*(Q), the mapping F : L*(Q) —
HY(Q)n H,(Q) is directionally differentiable, with the directional derivative F'(u; h) given by the
solution n € H*(Q) N Hy(Q) to

A+ T1,con +1y,san=h inQ,
(2.4) { {yu=0} {yu>0}

n=0 ondQ,
where y,, = F(u).
However, F is in general not Gateaux differentiable.

Proposition 2.4. Letu € L(Q). Then F : L*(Q) — L*(Q) is Gateaux differentiable in u if and only
if [{yu = 0} = 0.

Proof. Assume that |{y, = 0}| = 0. Then by virtue of [3, Cor. 2.3], F : L*(Q) — H*(Q) N Hy(Q)
is Gateaux differentiable in u. Since H*(Q) N Hy(Q) — L*(Q) continuously, F is Gateaux
differentiable in u as a function from L?(Q) to L%(Q). It remains to prove that F : L?(Q) — L*(Q)
is Géteaux differentiable in u implies |[{y, = 0}| = 0. Indeed, there exists a bounded operator
S:L3(Q) — L*(Q) such that

(2.5) Fu+ ﬂ? “FW L sh i 12(Q)

ast — 0% for any h € L%(Q). Moreover, the right hand side of (2.5) tends to F’(u; h) in H*(Q) N
H;(Q) and so in L*(Q) whenever t — 0*. It must hold that S = F’(u;-) and thus F'(u; h) =
—F’(u; —h) for any h € L2(Q). It follows from (2.4) that

(2.6) 1 (yu=0} [F' (s h)| = 10} (F'(us B))" + Ty, =0y (=F'(us h))" = 0



for all h € L*(Q). By [3, Lem. A.1], there exist a function ¢y € C*(R¢) satisfying ¢ > 0 in Q and
i = 0 in R?\ Q. Let choose function h € L?(Q) as follows

h = —A¢ + ﬂ{yuZO}l//-

We then have F’(u; h) = . Plugging this into (2.6) yields 1(,,, -0} = 0. Consequently, we have
[{y, = 0}| = 0 as claimed. O

The directional derivative is difficult to exploit algorithmically. A more convenient object can
be constructed using the Bouligand subdifferential, which also arises in the definition of the
Clarke subdifferential [4] (as the convex hull of the Bouligand subdifferential) and is used in the
construction of semismooth Newton methods [1, 28] (as a set of candidates for slant or Newton
derivatives). We first define the set of Gateaux points of F as

D:={vel¥Q):F:L*Q) - H(Q)N Hy(Q) is Gateaux differentiable in v}.
The (strong-strong) Bouligand subdifferential at u € L?(Q) is then defined as

dpF(u) := {G, € L(L*(Q), H*(Q) N Hy(Q)) : there exists {u,} C D such that
up — uin L*(Q) and F'(u,; h) — G, hin H*(Q) N Hy(Q) for all h € L*(Q)}.

(By replacing one or both convergences with the corresponding weak convergence, we arrive at
different variants of the Bouligand subdifferential; for our purposes, however, the strong notion
suffices. See [3, Sec. 3.1] for the precise definitions and the relations between them.) From the
definition, it follows that G, is uniformly bounded for all u € L%(Q) and that if F is Gateaux
differentiable in u, then G’(u) € dgF(u); see [3, Lem. 3.3]. In particular, we deduce that there
exist constants L and L satisfying

(2.7) 1Gull 2z, 2@ < Lo 1Gull zz2(@). m2@nHI @) < Lt
We can give a convenient characterization of a specific Bouligand subderivative of F.

Proposition 2.5 ([3, Prop. 3.16]). Givenu € L*(Q), let G, : L*(Q) — H*(Q) N H}(Q) < L*(Q) be
the solution operator mapping h € L*(Q) to the unique solution n € H*(Q) N Hy(Q) to

-An+1 =h inQ,
(2.8) { n {yu>0}7

n=0 ondQ,
where y,, := F(u). Then G, € dgF(u).

We refer to [3, Thm. 3.18] for a precise characterization of the full Bouligand subdifferential.
Clearly, G, is a self-adjoint operator when considered acting from L%(Q) to L?(Q). Furthermore,
for this specific choice of the subderivative, we can derive an L? version of the estimates (2.7)
which will be needed in the following.



Lemma 2.6. Let% < p < 2. Then there exists a constant L, > 0 such that
(2.9) ”GuHL(LP(Q),C(ﬁ)) <L, forallueU.
Furthermore, if p = 2, there exists a constant L > 0 such that

(2.10) IGull £z 2y < L forallu e U.

Proof. Let h € LP(Q) with % < p < 2and u € U be arbitrary. From Proposition 2.5, we have
that = G, h satisfies
—An+an=h inQ,
n=0 ondQ.

for some a € L™(Q) with 0 < a(x) < 1for a.e. x € Q. Stampacchia’s theorem [2, Thm. 12.4] and
[27, Thm. 4.7] thus ensure that n € C(Q) N H}(Q) and satisfies

(1) Inlle) < Lollblloe) for h e IP(Q)

for some constant L, independent of a and h, i.e., (2.9).
For the a priori estimate (2.10), we multiply both sides of the equation with 1 and integrate
over Q to obtain

IV7llzz) < llAllz)-

From this and Poincaré’s inequality, it follows that
Inllz2@) < KllAllrz o)
with constant K independent of a and h. We then have

1A7lIz2 ) = 1k = anlliz) < Ihllzz@) + Inllz2) < 1+ K)[lAllz2q)-

Consequently,
1/2 12
Il = (19122 + IV gy + 1ARIE ) < (14 K2 4 (1 K02) 7 [y,
By setting L := (1+K? + (1+ K)Z)l/z, we obtain
(2.12) Il < Lkl for b e LX(Q)
and hence (2.10). O

Finally, the following example shows that the mapping u +— G,h is in general not continuous,
which is the main difficulty in showing convergence of the Bouligand-Landweber method.



Example 2.1. Let Q be a unit ball in R2. For each ¢ > 0, we set
us(x) =¢e(5-xf —x3) .

Then u, tends to @ := 0 as ¢ — 0*. Furthermore, we have y,(x) = F(u,)(x) = e(1 - x* — x2) > 0
for all x = (x1,x2) € Q. It follows that 1(,, 5¢}(x) = 1 almost every where in Q, and hence
Gy, = G for the operator G : L*(Q) — L*(Q) defined by z := Gh being a unique solution to

—-Az+z=h inQ,
z=0 onodQ.

On the other hand, z := G h satisfies

for any h € L%(Q). We thus have z # z whenever h # 0. Therefore, if h # 0,

Guh+» Gzh as e—0".

2.2 GENERALIZED TANGENTIAL CONE CONDITION

We now verify that the solution mapping for our example satisfies a generalized tangential cone
condition with G, in place of the non-existent Fréchet derivative F’(u). We begin with a crucial
lemma deriving a “pointwise” tangential cone condition.

Lemma 2.7. Letu,i € L*(Q) and% < p < 2. Then, one has
|IF(&) — F(u) = Gu(t = wll 20y < LplQIY*M(u, &)/7'||F(2) — F(u)ll 20

2 L )
where p’ = ﬁ, Ly is given in Lemma 2.6, and

M(u,4) .= [{yu <0,y; >0} U{y, > 0,y; <0}].

Proof. Letussety :=y,, y:=y, { = Gu(i —u), and w := y — y — {. We then have from the
definitions that

Ay +y*
Ay +y*
—Ag + ]]{y>0}§ =U-u.

U,
u,

This implies that
—Ao + 100 = (T(y>0) = Viy>0)) 9-

By simple computation, we have

a:=(Tgys0 = Tg>01) ¥ = (Ty>09<0) = Ty<ay>0)) J



and so
0> a(x) > (Ty>05<0} — Tiy<oy>0}) G —¥)

Consequently,
la(x)| < |e(x)||y(x) — y(x)| forae x e Q

with
e = (T{y=0y<0} = Tiy<o3>0}) -

From this, Lemma 2.6, and the Ho6lder inequality, we get

lolle, < Lpllallio
< Lplly = yllzzollelle )
< LyM(u, )7[19 = yllz(o)-
This together with the inequality ||ol|;2q) < ||l@] C(5)|Q|1/ 2 implies the desired inequality. O

The following result is immediate consequence of Lemma 2.7, which verifies a “generalized
tangential cone condition”, is close to the classical tangential cone condition (see [8, 16, 22]),
and will be crucial in the analysis.

Corollary 2.8. Let i be a positive number and assume that

(213) Lyl (2" = oy)) " <
with p’ := and L, is given in Lemma 2.6. Then there exists p > 0 such that
(GTCC) |1F(@) = F(u) = Gu(@ = w)l|12(0) < pllF(@) = F@)llr o)

forallu, € BLz(Q)(uT,p).
Proof. The Lipschitz continuity of F and the embedding C(Q) — H?(Q) ensure that
1" = Yulleg) < Colly” = vullirzay < CooCrllu’ — ullpza) < CoCrp =2
forallu € BLZ(Q)(uT, p). Then, for any u € BLZ(Q)(uT, p), it follows that
e+ yu(x) < y7 < e+ yulx)
for all x € Q. This implies for any u, @ € BLz<Q)(uT, p) that

{Yu>0,y5 <0} c {—e <y <&},
{yu <0, ys >O}C{—£<yT<€}

and thus
M(u,0) < 2]{0 < |y'| < €}].



From condition (2.13), we have

] 1/p’
lim LyJ0" (2{0 < y'| < e}l) <

N =

Note that e — 0% as p — 0*. Choosing p > 0 small enough such that

1/p'
LI (21{0 < [y’ <eH) " <
yields that
1F(@) — F(u) = Gu(d — w)l|12(0) < pllF(@) — F(u)llL2(0)

forall u,i € BLZ(Q)(uT, D). O

The condition (2.13) is related to — but weaker than — the active set condition introduced in
[30, 31] in order to derive strong convergence rates for the Tikhonov regularization of singular
and nonsmooth optimal control problems. We stress that the condition (2.13) does not require
that F is differentiable at the exact solution u'.

Remark 2.9. The results of this section — and hence of this work — can be extended to the case
of piecewise continuously differentiable nonlnonlinearities i.e., to forward operators given as
the solution mapping to

Ay+ f(y)=u inQ,
(2.14)

y=0 onodQ,

where A is a second-order strongly uniformly elliptic operator and f is a piecewise continuously
differentiable and non-decreasing; see Appendix A.

3 BOULIGAND—LANDWEBER METHOD

We now turn to the convergence of the Bouligand-Landweber method for the inverse problem

(3.1) F(u) = y'

for some y' € R(F), i.e., there exists a u” € U with F(u") = y'. Let p, be a positive number. We
assume that the mapping F : U — Y between the Hilbert spaces U and Y satisfies the following
conditions.

(A1) F is completely continuous.

(a2) Foreachu € By(u', po), there exists a linear operator G, : U — Y such that [|G, || s, y) <
L for some constant L independent of u.

(a3) There exist constants p € (0, po] and g € [0,1) such that (GTCC) holds for all u, 7 in
By(u', p).



(a4) There exists a Banach space Z such that Z is compactly embedded in U and contains
the ranges of G, : Y — U for all u € U. Moreover, there is a constant L such that
IGill £(v.z) < L for all u € By(u', p).

Note that we do not require the continuity of the mapping u +— G,,. Furthermore, Assump-
tion (a2) is always satisfied for Bouligand differentiable mappings. f U = Y = L%(Q) and
F is the solution operator to (1.1), then Assumptions (A1) to (a4) hold with G, defined as in
Proposition 2.5 and Z = H*(Q) N Hy(Q), provided that condition (2.13) is valid; see Lemma 2.2,
(2.7), Corollary 2.8, and Lemma 2.6, respectively. We also note that in this case F is injective, i.e.,
u' is the unique solution to (3.1).

Let S(u', p) stand for the set of all solutions in By (u', p) of (3.1), that is,

S(uT,p) = {u € BU(uT,p) :F(u) = yT} .

Obviously, u' belongs to S(u', p).
Let now y° € Y with ||y® — y'|ly < 8. The Bouligand-Landweber iteration is then given by

(3.2) ugﬂ = ug + Wn(Gug)* (y‘S - F(ug)) , n=0,12,...,

for the initial guess ug

according to the discrepancy principle, i.e.,

:= 1y and the step sizes w, > 0. The iteration is stopped after N(J) steps

(33) Iy - Fys)lly <78 < Ily® = F@dlly, 0 < n < N()
with 7 > 1 being a positive constant.

Remark 3.1. Let U = Y = L?(Q) and that F be the solution operator to (1.1). If [{y¢ = 0}| = 0
with y2 := F(u?) for some n € N, we obtain from Proposition 2.4 that F is Gateaux differentiable
in u® and that G,s =F ’(u®) and hence that the corresponding Bouligand-Landweber step (3.2)
coincides with the classical Landweber step (1.2).

3.1 WELL-POSEDNESS AND CONVERGENCE

We first show the well-posedness of (3.2). The proof of the following lemma is similar to the
one in [8, Prop. 2.2] with some modifications.

Lemma 3.2. Assume that Assumptions (Az) and (A3) are fulfilled. Let us choose positive numbers
7, A, A such that

—(2-2p-AL% <0.

(3.9 a<n 2t
T

Then, for any initial guessuo € By(u', p) and the step sizes w,, € [A, A], the sequence {ug Yo<n<N(5)
generated by (3.2) with the stopping index N(§) defined by the discrepancy principle (3.3) satisfies
the following assertions:

(i) the stopping index is finite, i.e., N(J) < oo;

10



(ii) ||u§Jrl —iilly < lul —dlly forall0 < n < N(8) — 1 and for any @i € S(u', p). Consequently,
u® € By(u', p) forall0 < n < N(6).

Proof. Let ii be an arbitrary element of S(u', p). We have

s ~ 5 _ -
s = @l = lluy, =l

S ~ 5 S 1) 5112
=2 (un - u, un+1 - un)U + ”un+1 - un”U

S ~ 1 S S S
=2wp (Gu,‘z(un - u)’y - F(un))y + ”un+1 - unHZU

= 2w, (F(a) — F(ud) - Gy i - ud),y° - F(u;j))Y
— 2w, (F(@) = F@d),y° = F@d)) + luf, = ull
= 2wy (F(@) = F(u}) = G, = ud).y* = F(uh)) = 2wally® = Fd)Il}

(Gyp)" (v - Fud)

’

|2
U

— 2w, (1 = 9%9° = F@))) -+
which together with (GTCC) implies that

(35) [[uS,, —all?, - [lus - all?
< 2wuplly” = FU)lylly® = Fud)lly — 2wally® - F@d)ll?
+2wpd|ly° = Fd)|ly + L*w2 ||y — Fwd)|?

= wally® = F@)ly |2ully” = F@d)lly — 2 = LPwo)lly® = Fwd)|ly + 28] .

Here we have used the fact that |G, || z(v,u) = [IGull£(v,y) and the uniform bound from As-
sumption (a2). From the discrepancy principle (3.3), one has

1
(3.6) § < —|ly® = Fw®)|ly forall0o <n < N(5)
T

and so s s s
ly" = Fwd)lly < 8+ Ily® — F@d)lly

1
<[5 1) - raiy

for all 0 < n < N(6). This together with (3.5) and (3.6) implies for all 0 < n < N(9) that

n+l1

N ~ 1 2
67) b =l = llud = @l < wally® =~ Fd)I} [zu (; + 1) - (2= LPwy) + =

n

_W (M 2 —ALZ)) I1y° - Fd)|12

<) (z(u: D _(2- - AL2>) Ily® = Fluplly

= —ally® - Fwd)|?

11



with

2 1
a = -1 M
T

—(2-2u—AL*| > 0.
1.

Here we have used the choice of parameters w,, € [A, A] and condition (3.4) in the last inequality.
The assertion (ii) follows from estimate (3.7). To obtain the first assertion, we first define the set

I:={neN:|y°-Fud)ly > 15}.

For any n € I, we see from (3.7) that

1

1 S 5~ S ~
1% = FIf < — (1l = al = llug., - all})
and thus

1
S 1 ~
(38) 2197 = F@)Ily < —lluo =l < eo.

nel

From the definition of the set I, we get ||y® — F(u?)|ly > 76 for all n € I and therefore

DIy’ = F@)I} > > (26)* = (z8)111.

nel nel

This together with (3.8) ensures that the set I is finite. Since N(&) = |I| + 1, it is also finite. The
assertion (i) is valid. O

From now on, we need to differentiate between the noise-free (6 = 0) and the noisy (6 > 0)
cases. Thus uﬁ,yrf = F(uﬁ), ... and u,,y, = F(u,),... are, respectively, generated from
algorithm (3.2) corresponding to § > 0 and § = 0.

Lemma 3.3. Let Assumptions (Az) and (A3) be fulfilled. Assume further that A and A are positive
constants satisfying

(3.9) A<A,  (2-2p-AL%>0.

Then, for any initial guess uy € By(u', p) and the step sizes w,, € [A, A], the following estimate
holds true

(3.10) D lly" = Fun)l < co.
n=0

Proof. We see from (3.5) with i := u' and the choice of step sizes w,, that

s = ¥ = llun = ¥l < wally™ = F(un)lly
[2ully” = F(un)lly = (2 = LPwa)lly" = Fun)lly]
< -A(2-2p=L*A) lly" - Fun)ll}

12



for all 0 < n < N(0). Consequently, one has

1 .
t 2 2
(319 >,y = Funly < g o =l < o
0<n<N(0)

If N(0) is infinite, then we get (3.10) from (3.11). Otherwise, (3.10) is also valid since
Iy" = Flun)lly = 0

for all n > N(0). The proof of the lemma is complete. O

We can now obtain a convergence theorem for the noise-free setting. The lines of argumenta-
tion in its proof are similar to the ones in [8] as well as in the proof of Lemma 3.7 below with
some modifications. The proof is thus omitted.

Theorem 3.4. Let all of assumptions of Lemma 3.3 hold true. Then algorithm (3.2) corresponding
to § = 0 either stops after finitely many iterations with an iterate coinciding with an element of
S(u', p) or generates a sequence of iterates that converges strongly to an element of S(u’, p) in U.

3.2 REGULARIZATION PROPERTY

Assertion (ii) in Lemma 3.2 ensures the boundedness of the family {uj‘z]( 5)}5>0, which together
with the reflexivity of U already ensures weak convergence as § — 0.

Corollary 3.5. Assume that all hypotheses of Lemma 3.2 hold and that in addition Assumption (A1)
is fulfilled. Then, the sequence {u?\,((;)}bo splits into subsequences, all of which converge weakly

to points of S(u", p) in U as & — 07. In addition, ifu' is the unique solution of (3.1) in By(u, p),
then {ui,(5)}5>0 converges weakly tou’ in U.

Proof. Since {”15\](5)}5>0 is bounded in U, there exist a subsequence, also denoted by {ui](a)}bo,
and an element @ € U such that

uj‘z,(a) —4 asd—>0".
By virtue of Assumption (A1), we have
F (ui,(é)) — F(@i) asdé — 0".

Therefore, y® — F(u?

— y" = F(@) in Y. Moreover, from the discrepancy principle, we have
N(5) y pancy princip

. S S _
;lgt ly® - F(UN(g))”Y =0,

which implies that F(@2) = y'. We then have @ € S(u', p). From this, the final claim follows by a
subsequence—subsequence argument. O

13



In the remainder of this section, we will show that the Bouligand-Landweber iteration

(3.2) is a strongly convergent regularization scheme, i.e., the family {ul‘f]( 5)}5>0 generated by

the Bouligand-Landweber iteration (3.2) together with discrepancy principle (3.3) splits into
convergent subsequences, all of them converge strongly to elements belonging to S(u', p). To
overcome the discontinuity of the mapping u — G,,, we need the following notion. Let again
{ul},cn be a sequence generated for some § > 0.

Definition 3.1. An iterative method is said to be asymptotically stable if for any n > 0 and for any
sequence {0k }ren converging to zero there exists a subsequence {Sx := Op/(n) Hiren Of {Ok Jren

such that
S -
u,¥ -4, as k' > o

and
U, > U as n— o

for some i € S(u', p).

We now show that the Bouligand-Landweber iteration (3.2) is asymptotically stable. The
proof consists of a sequence of technical lemmas.

Lemma 3.6. Assume that Assumptions (A1) to (A4) are verified and that condition (3.4) is valid. Let
the initial guessuy € By(u', p) and the step sizesw,, € [A, A] be arbitrary. Then, for each fixedn > 0
and for any sequence {0y }ren converging to zero, there exists a subsequence {0y := S (n)}kren
such that

(3.12) u,‘fk’ — iU, inUas k' — oo,
where the sequence {ii, }nen C By (u', p) is defined by
(3.13) g = U, ns1 = fin + Wn(Ga,)' (¥ = F(itn)) + Warn, 120,
for a sequence {rp}nen C Z satisfying
@) lrallu < 2Ly = Fully,

(i1) (rnsitn = Wy < (<1 + lly" = ully = (" = Fn, G, (lin = )y,

(iii) |(rn, tim = @)y | < 20+ @IIY" = Fully [1y" = Fally + 15m = Inlly ] for allm = o,
with 3, == F(ii,), any i € S(u', p), and constant L given in Assumption (Az).

Proof. We first prove the limit (3.12) by induction on n. Obviously, (3.12) holds for the case n = 0.
Assume that §p — 0 and u,fk — U, as k — oo. Let us set

ap =G 0% =yp). an=Ga) O =T, O = -a
with y¥ := F (u,f"). We have
&n = (G 0% = yp) = (Ga,) (v = m)
= (G2 O = ) = (G (Y = J) | + (G 5 (%% = 3 = ¥ + F)

:UE_WH"'brIi
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with
k(G s ) (v =5 =a = (G- V(v =%
/e ( ubk) (y yn)’ Nn = an ( un) (y yn)’

* 19 ~
by, = (G, ) 0% =yt =y + ).

Assumption (A1) together with the fact usk > i, implies that y* — 7§, as k — co. From this
and the boundedness of {||G* 5 l (v, v }ken for Assumption (A2) one has
un

(3.14) b,’; — 0 inUas k — co.

From Assumption (a4), we see that {Uﬁ}keN is bounded in Z and so is {17’;1 — Nn}ken- Since
Z — U compactly, there exist a function r, € Z and a subsequence {5y }r’en Of {k }ren such
that

(3.15) r)’,‘l/ —fp—rp, inUas k' — oo,
Moreover, the bound from Assumption (A2) implies for all k¥’ > 0 that

s = mnlly = (G 50 ) &' = Fn) = G, " = )l < 2LIly" = Flly-
Combining this with (3.15) yields that

. 1% ~
Irall = lim ligy = nallo < 2Lly" = Flly,

which gives assertion (i).
Furthermore, we have

Sy O * % Sy
U, =u, + Wn(Guik') (y K= F(un )
Spr 4
=u,” +wpa,

5 ’ k/ k/
= u," 4+ wnan + wo(ny — 1) + wiby, .

Letting k” — oo and using the limits (3.14), (3.15), and u,‘z"' — 1, implies that

5k’

un+1

— U, + Wpap + Wty = U, + w,,(ng)*(yT = Yn) + Wnln.

By setting i1 := ii, + Wn(Gg, ) (¥" = $n) + Wars, we obtain the limit (3.12) and relation (3.13).
Since u? belongs to By (u', p), also @i, € By(u', p).

It remains to prove assertions (ii) and (iii). Let & be arbitrary in S(u', p). For (ii), we see from
(3.15) that

(316)  (rmiin =iy = lim (0} = naiin =)

= lim (v =5 G (@n = @) = (" = 5, Gay (i~ D),

= lim A* - B,

k’— o0
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with
A = (v = 90 Gy @ = D).,
By i= (v" = 9. G tn = ) .
Moreover, it holds that
A = (V=9 G (= 0) + (VK =5 G (@ — )
= (v =y =2k G- i)
1" = KW+ (98 = s G (= )
= (y" =y =9 =G =) = (v = 9K G s ¥ —in)
1" = KW+ (98 = e G (= )

’ —;« ’ 5 ’ ~
< (=1+plly" = y¥ 12 + Lily" =y Iy lud¥ = inllo

K - L.
+Llly, = Ynllylltn —dllu.

Here where we use Assumptions (A2) and (aA3), and the Cauchy—-Schwarz inequality to obtain
the last estimate. Letting k’ — oo and using the limits uﬁk' — @i, and y¥ — §, yields that

Jim AT < (<14 p)lly" = nlly.
From this and (3.16), we obtain assertion (ii). For assertion (iii), we get
(i = 0| = Jim | (1 = s = ) |
= lim |(v" = 30 G s iom = ). = (¥ = s Gty i — 0) |

<ly" = ully [HmSllp IG o (m = Wlly + |Ga, (m — ﬂ)lly] -

k’— o0

Due to Assumption (A3), we can apply the (GTCC) to obtain

G o G = @)lly < 1IG, 300 (4 = Dlly + G, 00 Gim = lly
< @+ plly" =¥ lly + @+ wllm = v lly
= @+ [y = ¥ lly + 13m = 95 Iy

which implies that

limsup [IG s, (@m — @)lly < (14 p) [IIy" = Fully + 15m = Fally] -

k’—oo
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Also, we see from (GTCC) that

1Ga, (@m = @)lly < 1+ ) [Ily" = Fnlly + 17m = Fnllv] -

From the above inequalities, we obtain

(s it = @y | < 20+ WIY" = Fully [1y" = Fally + 17m = Fnllv]
which completes the proof of the lemma. O

Lemma 3.7. Assume that Assumptions (A1) to (A4) hold. Let us choose positive numbers A and A
such that

(3.17) A<A,  —1+p+5AL% <0.

Let the initial guess uy € By(u', p) and the step sizes wy, € [A, A] be arbitrary. Then the sequence
{iin}nen defined by (3.13) converges strongly to an element of S(u', p) asn — co.

Proof. From (3.13), assertions (i) and (ii) of Lemma 3.6 for the case where @ := u', and the
Cauchy-Schwarz inequality, we have
(318) ltins1 —u'[1F; = llin — u'|,

=2 (an - uT, Upt1 — an)U + ”ﬂn+1 - an”g]

= 2wy (Gﬁn(an - UT),yT - _‘)N/n)y + 2w, (rns Uy — UT)U + ”an+1 - an”%}

< 2wa(=1+ lly" = Jully +will(Ga, )" = 5) + rallg

< 2wa(=1+ lly" = Jully + 2wilI1(Ga, ) " = Iu)lf + 2wilirnllf,

< 2wa(=1+ lly" = Jully + 2wiL2ly" = Full} + 8WoL?lly" = Fully

< 2wplly” = Jall} [-1+ p + 5AL?]
for all n > 0. Consequently, one has

1 .
T ~ 112 12

1 - < Uy — U < 00,
(319) 219" =3l < Sl — 'l

n>0

Inequality (3.18) also yields that {||e,||u }nen for e, := u' — i, is monotonically decreasing and
hence

(3.20) lim el =y

for some y > 0.
For any m,l € N with m < [, we choose k as follows

(3.21) k €arg min |ly" - 3¢lly.
m<t<l

17



The Cauchy-Schwarz inequality gives
(3.22) i — 1% < 2 (i — i1 + llig — gl
Using the identity
lla=blig = lla—clif; = b = cll +2(a=b,c = b)u
yields
i = el = i = ' = N =W + 2 (o — i u” — i)
it = el = M = w1 = i = w1 + 2 (@ — i’ — i)
Combining this with (3.22) yields that

(3.23) i ~ @llyy < 2 [llemllf; + lledllyy = 2llexlly;] +4 (ex — em, ex)y + 4 (ex — er )y

= am, Lk +bm.1k
with
am, 1k =2 [lemlll + llerllf; = 2llexll? ]
and
b1k :=4(ex —em.ex)y +4(ex — e, ex)y -
From the limit (3.20), we obtain that
(3-24) Am, 1,k —> 0 asm — oo,

Moreover, we have

k-1 k-1

(3-25) (ex —em,ex)y = Z (en+1 —en,ex)y < Z | (ent1—en,ex)y |-
n=m n=m

From (3.13), we obtain e,; — e, = —wn(Gjg, Y*(y" = $u) = wnr, and so

(en+1—enex)y = —Wn (yT - JN/naGﬁnek)Y — Wy (o, ex)y
= Wp (yT - }7n9 Gﬁn(ak - uT))Y + wp (rn’ Uy — uT)U
It follows that

(3.26) | (ens1 = enser)y | < wally" = IulivlIGa, (@ —u)lly +wy

(r,,, U — u"") | .
U
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We now estimate the term ||G, (iix — u")|ly. From (GTCC) and the triangle inequality, it follows
that

(3.27) 1Ga, (i — uDlly < 1Ga, ' = @w)lly + 1Ga, ik — in)lly
<11y = ully + |1Fu") = F(iin) = Ga, (" = din)lly
+ 1Ga,, G = dn)lly
< 1y" = Fully + ully" = Fully + G, (Gix — din)lly
<@+ plly" = gully + G, G = din)lly-
Besides, we also see from (GTCC) that
IF (i) = F(iin) = Ga,, (it — @n)lly < pllF(iix) = F(in)lly

and so ) ) ) 5
Ga,, (i — un)lly < (1+ p) |F(ug) — F(in)lly

< 1+ ) (Ily" = FG@olly + 1ly" = Fn)lly)

<21+ ly" = Fnlly-
This and (3.27) give

(3.28) 1Ga, (i — uD)lly <31+ wIlly" = Fully-

On the other hand, from assertion (iii) of Lemma 3.6, we get that

|(r,,,ak - uT)Uj <2+ plly" = Fully [Iy" = Fully + 5% = Fnlly]
<20+ ly" = Fally [Iy" = Fully
7k =y lly + 17m = ' lIv]
<6+ plly" = Fully-
The combination of this with (3.26) and (3.28) yields that
| (ens1 = ens )y | < 9+ wally” = Full}

which, together with (3.25), ensures that

k-1 k-1
ek = emren) | <O+ > wally’ = Fully <91+ wA Y lly" =l
n=m n=m
Similarly, we have
-1
| (ex — e ey | <9+ WA Y 11y = Fll}.
n=k

We therefore get

I-1
b,k = 4(ex — em.ex)y +4(ex — e, ex)y < 36(1+ pA Z y" = Fnll3-

n=m
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Combining this with (3.19) yields that

(3.29) lim by, = 0.

m-—o00
The limits (3.24) and (3.29) together with (3.23) imply that {@,},en is a Cauchy sequence in
U. Thus, there exists a function @ € By (u', p) such that i, — @ and hence F(ii,) — F(@t) by
Assumption (A1) as n — oo. In addition, we see from (3.19) that y* — F(ii,) — 0 as n — oo and
hence y = F(@). This implies that @ € S(u', p), which completes the proof. O

The following result is a direct consequence of Lemmas 3.6 and 3.7.
Corollary 3.8. The Bouligand—Landweber iteration (3.2) is asymptotically stable.
We are now well prepared to prove our main result.

Theorem 3.9 (Regularization property). Assume that Assumptions (A1) to (A4) hold andt, A, A > 0
satisfy conditions (3.4) as well as (3.17). Let the initial guess uy € By(u', p) and the step sizes
wp, € [A, A] be arbitrary and let the stopping index N(5) be chosen according to the discrepancy
principle (3.3). Then, the sequence {ui](a)}5>0 splits into convergent subsequences, all of which

converge strongly to elements of S(u’, p). Furthermore, ifu' is the unique solution of (3.1), then
: S _.f. =
élgt ||UN(5) u'lly = 0.

Proof. The proof of the theorem is based on the asymptotic stability of the Bouligand-Landweber
iteration (3.2). Let {Jk }xen be an arbitrary sequence tending to zero as k — oo. For each pair
(8k, y%¢), we denote by N = N(8;) the corresponding stopping index determined from the
discrepancy principle (3.3).

Assume first that { Ny }ren is bounded. Then there exists a subsequence, named also by
{Ng }kens, such that N — N as k — oo for some N € N. Since the set {Ng : k € N} is finite, we
can without loss of generality assume that N = N for all k € N. From the discrepancy principle,
one has

1)
(3:30) 1y = F(upb)lly < 76
By Lemma 3.6, there exists a subsequence, which is also denoted by {8k }xen, such that

Sk

Un

— Uy as k — oo,

Letting k — oo in estimate (3.30) and using the above limit yields that y' = F(iin). We thus get
in € St p).

It remains to consider the case where Ny — oo as k — oo. Without loss of generality, we can
assume that { N }r ey is monotonically increasing. By virtue of Lemmas 3.6 and 3.7, there exist
sequences {5,(:)}1(6,\1, n=0,1,2,...,suchthat {5](:))};(5,\, = {0k }kens {5](<n+1)}keN is a subsequence
of {8} xen, and

5(”)
u,f —d, as k—o oo
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with i, satisfying
Up > U as n— oo

for some 4 € S(u"', p). Therefore, for each ¢ > 0, there exists an integer n* such that
. . £
e il < .

It also follows from Lemma 3.6 that a number k € N exists such that

(n%) i}
(3.31) lus = dnll < % for all k > k.

Since Ny — oo as k — oo, there is an integer k; > k with Ny > n* whenever k > k;. From the
fact that {5]((]\]")},%,\,’&,;1 is a subsequence of {5,&" )}keN and (3.31), it follows that

(Ng) P B
lu,S  —unllo < 3 for all k > k.

Lemma 3.2 implies that

(Ng) (Ng) (Ng)

””J\i —idlly < llwt  —dllu <t  —dpllu + llie —dlly <e forallk > ki.

We thus have that

(Ng)
lim ||u.* —4d|ly =0.
Tim gt~ il

By using a diagonal subsequence arguments, we obtain the desired result. O

4 NUMERICAL EXPERIMENTS

In this section, we present results of numerical experiments illustrating the performance of
the Bouligand-Landweber iteration for the model problem (1.1). A short description of our
discretization scheme and the solution of the non-smooth PDE (1.1) using a semi-smooth Newton
method will be given in the first subsection. The last subsection contains numerical examples.

4.1 DISCRETIZATION AND SEMI-SMOOTH NEWTON METHOD

For the discretization of the non-smooth semilinear elliptic problem (1.1) and the generalized
linearization equation (2.8), we shall use standard continuous piecewise linear finite elements
(FE), see, e.g., [6, 13] . From now on, we restrict ourselves to the case Q C RZ2. Let us denote
by 7 the triangulation of Q with the discretization parameter h indicating the fineness of
the triangle, i.e., h being the maximum length of the edges of all the triangles of 7. For each
triangulation 7y, let Vj, be the finite-dimensional subspace of Hy(Q) consisting of functions
whose restrictions to a triangle T € 7 are polynomials of first degree. By {¢; }]’?:1 we denote the
basis of Vj, corresponding to the nodes P;, . . ., P,, that is, V}, is spanned by functions ¢, ..., ¢,
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and ¢;(P;) = §;; with (5ﬁ)7 ., being the Kronecker delta. By using the mass lumping procedure,
we can discretize the non-smooth semilinear elliptic equation (1.1) in weak form as

1
(41) / Vyn - Vopdx + 2 > |T| ) max(ya(Py), 0)on(P:) = / upopdx Yoy, € Vi,
Q 3 fet, P el Q

where yj, and uj, € Vj, denote the FE-approximation of y and u, respectively. By a slight abuse
of notation, we from now on write y € R" and u € R" instead of (y,(P;))I_; and (ux(P;))?,,
respectively. The discrete equation (4.1) is then equivalent to the nonlinear algebraic system

(4-2) Ay + Dmax(y, 0) = Mu

((V(pj, V(pi)LZ(Q))Z}.Zl, the mass matrix M := (((pj, (pi)LZ(Q))zjzl,
the lumped mass matrix D := % diag (w1, . . ., wp), w; := |{@; # 0}|, and max(-,0) : R* — R”
being the componentwise max-function.

Similarly, the generalized linearization equation (2.8) is discretized as

with the stiffness matrix A :

(4.3) /Vnh-Vvhdx+/ﬂ{y>o}17hvhdx:/whvhdx Yo € V.
Q Q Q

Here 5j, and wy, stand for the FE-approximation of n and w, respectively. Using the continuity
of integrands and the two-dimensional trapezoidal method, the second term in the left hand
side in (4.3) can be approximated by

1 1
20T > m®e =5 3 ITI ) Twosomn(Poon(P)
TeTp P;eTn{y>0} TeTy P;eT

for h small enough. From this and y(P;) = y,(P;), the discrete equation (4.3) can be rewritten as
1

(4.4) Vi - Vopdx + |T| 1>y (Ponn(Pi)on(P;) = | wpopdx  Vop € V.
3 ¥

Q Q

Te?;l TBP,‘

Again, by a slight abuse of notation, we denote the coefficient vectors (1, (P;))!, and (w,(P;)),
by n € R" and w € R", respectively. The discrete equation (4.4) thus becomes the linear
algebraic system

(4.5) (A+Ky)n=Mw,

where the matrix K, is defined by
1 : nxn
Ky = gdlag (wiﬂ{yi>0}) e R™",

Obviously, the variational equations (4.1) and (4.4) as well as the corresponding algebraic systems
(4.2) and (4.5) admit unique solutions.

We now show that the non-smooth nonlinear system (4.2) can be approximately solved by a
semi-smooth Newton method. Define the mapping H : R" — R”" by

H(y) = Ay + Dmax(y, 0).
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For each y(k) e R", we set
My := A+ DE,,  Ey = diag (ﬂ {yl(k)zo}) :

Since the component-wise max function is locally Lipschitz and piecewise continuously differ-
entiable in each component, from [28, Props. 2.26, 2.10, 3.5, 3.8 | we deduce that My is a Newton
derivative of H at y*). We denote the active set at y*) by

Ack) = {i 1<i<ny> 0}.
We have for any y € R” that

yTMky = yTAy + yTDEky = yTAy + Z diiyiz > yTAy > coly|§
ieACK)

for some constant ¢, > 0 and hence that ||M|l; < c;*. Here |y|, and [|[M]|, denote the Euclidean
norm of y € R" and M € R™", respectively. Due to [28, Prop. 2.12], the semi-smooth Newton
iteration

(4.6) M8y = Mu — H(yk), ykJrl = yk + 6y,

then converges locally superlinearly to a solution to (4.2).

4.2 NUMERICAL EXAMPLES

We consider Q = [0,1]> ¢ R? and use a uniform triangular Friedrichs—Keller triangulation with
discretization parameter h = ‘2/—85 The semi-smooth Newton systems are solved by a direct sparse
solver, and the semi-smooth Newton iteration for solving non-smooth nonlinear system (4.2) is
terminated whenever the active sets corresponding to two consecutive steps coincided with
starting points being the origin of R”.

The exact solution to be reconstructed is defined as

u’ (x1, x2) = max(y ' (x1, x2), 0)
+ [47?y T (a1, x2) = 2 (2200 — 1) + 2001 = 1+ B)(x1 — B)) sin(27x2) ] U(,1-p1(x1)
where
Y (1, x2) = [(er = B)? (e — 1+ B)? sin(2xz) | Tp.1-p1(x1)

with constant 8 = 0.005 is the corresponding exact state; see Figure 1. It is easy to see that y' €
H%(Q) N Hy(Q) satisfies (2.1) for the right-hand side u" and that y' vanishes on a set of measure
2p. Therefore, the forward operator F is not Gateaux differentiable at u'; see Proposition 2.4.
We then add random Gaussian noise to y' to obtain the noisy data y° such that

ly" = ¥°llrz) = 6
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Figure 1: exact data u' Figure 2: starting guess u, given by (4.7)

for a given noise level §. In the following, we illustrate the convergence for both noise-free and
noisy data and two different choices of initial guesses: the trivial guess uy = 0 and the guess

(4.7) u=u' - 2p sin(rxy) sin(27x;),
see Figure 2. It is noted that for this starting guess, u' satisfies the generalized source condition
(4.8) u' —uy € R((G,1)Y),

where R(T) denotes the range of operator T. Note also that this choice of u is far from the exact
solution u'. In all cases, the parameters in the Bouligand-Landweber iteration (3.2) are set to

_2-2p

T [L=5x%x1072.
LZ

u=01 7=14, p=5 w,=1=A

We first address the convergence for noise-free data y' from Theorem 3.4 by plotting in
Figure 3 the relative error

lu’ = unllrzo
(4-9) —
lufllz2q)
of the iterates u, as a function of the iteration index n. As Figure 3a shows, the iteration slows
down for the trivial guess uy = 0 after 100 steps of rather fast convergence. However, the relative
error continues to decrease significantly even after that. In contrast, Figure 3b demonstrates
that the rate of convergence for the starting guess (4.7) is substantially greater: Although here
the initial relative error is three times greater than for the trivial starting point, the relative error
(4.9) drops quickly from 3.33645 to less than 10~ after 20 steps and then continues to reduce.
We next turn to the regularization property from Theorem 3.9. Figure 4 shows the data y° and
reconstructions u?, .. corresponding to noise level § € {1072,1073,107} for the trivial starting

N()
guess g = 0. The relative error

||uT - ui](é‘)”Lz(Q)

(4.10)
Nt ll2(q)
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Figure 3: relative error (4.9) of iterates in the noise-free setting

of iterates decreases slowly from 0.47704 to 0.26142 to 0.14335 as & decreases from 1072 to 107>
and 10~%; however, the stopping index N(§) is rapidly increasing from 4 to 44 and 1222. This is
reasonable as the classical Landweber iteration is known to be similarly slow but reliable.

The noisy data y5 and reconstructions ui]( 5 with § € {1072,1073,107°} for the starting guess
(4.7) are shown in Figure 5. Here, as & reduces from 1072 to 107> and 107>, the relative error
(4.10) falls rapidly from 0.30378 to 0.02785 and 0.00065, and the stopping index N(§) increases
only slightly from 7 to 14 and 29. As expected, we thus see much faster convergence for the
Bouligand-Landweber iteration if the exact solution satisfies a generalized source condition.

This is shown in more detail in Table 1 for a sequence of noisy data with a noise level §
varying from 107! to 2 X 107%. In particular, the last column shows the empirical convergence
rate

”uT - ui{((g) ”LZ(Q)
\/3 s

which stabilizes around 0.33 for § < 10™*. This corresponds to the convergence rate O(Vé)
expected from the classical range condition u' — uy € R(F'(u")*).

(4.11)

5 CONCLUSION

We have considered the iterative regularization of an inverse source problem for a non-smooth
elliptic PDE. By considering a Bouligand derivative in place of the non-existent Fréchet derivative
of the forward mapping, we derived an implementable regularization method of Landweber-type.
If a corresponding generalized tangential cone condition is satisfied — which is the case for our
non-smooth model problem provided that the non-differentiability of the forward mapping is
sufficiently “weak” at the exact solution — we have shown that the iteration provides a convergent
regularization scheme, where we made use of the asymptotic stability of the iteration in place of
the missing continuity of the derivative mapping. Numerical examples verify the convergence
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Table 1: convergegce behavior for §tarting 5 NS ISt 2y s 42
guess Uy given by (4.7): noise level (4) 471,20 NE
4, stopping 1nd?X‘N(5),relatlve er- 10-1 1 5 371 1124 - 101
ror (4.10), empirical convergence 102 3 1198 8,030
rate (4.11) 1072 7 3.038-1070  4.552
<107 9 1.541 - 1071 3.267
<1073 14 2.785 - 1072 1.320
-107* 16 1.410 - 1072 9.450 - 107!
<107 21 2.670 - 1073 4.001-107!
<107 23 1.500-1073 3.179 - 107!

2107 24 1.180 - 1073 3.229-107!
-107° 29 6.500-107* 3.080-107!
-107¢ 37 4.900-1074 3.284-107!
-107% 54 3.800-107* 3.288-107!
-107% 103 3.200-107* 3.391-107!

DN W Ul = W Ul = U= U= U

of the iteration for exact as well as for noisy data. While the convergence is slow for an arbitrary
initial guess, it is significantly faster for an initial guess for which the exact solution satisfies a
generalized source condition.

This work can be extended in a number of directions. First, it would be interesting to derive
convergence rates under the generalized source condition (4.8). Another practically relevant
issue would be to extend the analysis of the method to cover other classes of non-smooth PDEs
such as time-dependent equations or equations with non-smooth nonlinearities entering the
higher order terms as for the two-phase Stefan problem. Finally, similar non-smooth extensions of
iterative regularization methods of Newton-type should lead to significantly faster convergence.

APPENDIX A ELLIPTIC EQUATIONS WITH PIECEWISE DIFFERENTIABLE
NONLINEARITIES

In this appendix, we will show that the generalized tangential cone condition (GTCC) is satisfied
for non-smooth semilinear elliptic equations with PC'-nonlinearities.

We first recall the following definition from, e.g., [24, Chap. 4] and [28, Def. 2.19]. Let V c R”"
be an open set. A function f : V — R is called a PC'-function (or piecewise differentiable
function) if f is continuous and for each point x; € V there exist a neighborhood W c V and a
finite set of C!-functions f; : W —» R, i=1,2,..., N, such that

f(x) € {filx), fo(x),..., fn(x)} forall xeW.

The set { f1, f2, ..., fn} is said to be the selection functions of f on W. We denote by Sy C V the
set of all points in V at which f is not differentiable, i.e.,

(A1) S¢:={x € V: f’ does not exist at x}.
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We assume in the following that the set Sy consists of a finite number of points t;, £, . . ., tx. By
virtue of the decomposition theorem for piecewise smooth functions [5, Prop. 2D.7], f can be

represented as
k+1

ft) = Z V(D) fit) forallt € R,
i=1

where f;,1<i<k+1,are C!-functions on R and
—00 =il <t <o <t <lpgpi=00

with the convention (tx, tx+1] := (tk, ©0). Moreover, we assume that each f; is non-decreasing
on (t;_1,t;),1 < i < k +1, and that

(a.2) fi(t;) = fin(t;)) forall 1<ic<k.
We require the following technical lemmas regarding the nonlinearity.

Lemma A.1. Foreach M > 0, letripg : [-M,M] X R — [0,00),i=1,2,...,k + 1, be defined as

[fit+s)—fi(0) —f/(t) S#0
(a.3) rim(t,s) == | : '
0 s=0,
Then, rip is continuous and satisfies
(a.q9) rim(t,s) = 0 as s— 0 uniformlyint € [-M, M].

Proof. Clearly, r;y is continuous at every points (¢, s) with s # 0. Moreover, we have for any
t € [-M,M] and s # 0 that

1 1
rim(t,s) = ‘/0 (ff @t +st)= f{ (1)) dr| < '/0 |ﬁ’(t +sT) - f,-’(t)| dr.

From this and the uniform continuity of f on bounded sets, Lebesgue’s dominated convergence
theorem yields the limit (A.4). Consequently, r;)s is continuous at (t, 0). O

Let p; be a positive number. We have the following

Lemma A.2. We have that

(a.5) |fi(2) = fi(t:)| < Bilt — til,
(a.6) | fir1(2) = fin(t)] < Bilt — i
for all

|t| < M := sup {“yunc(ﬁ), |ti] cu € BLZ(Q)(uT,pl),l <i< k}

and

Pi = max {sup{rim(ti,s) : |s| < 2M} + |/ (t)], sup{rasnm(ti, s) « Is| < 2M} + | f, ()]} -
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Note that the f; are finite since the functions r;r and r(;41)u are continuous due to Lemma A.1.

We now consider the non-smooth semilinear elliptic equation

A.
(a7) y=0 ondQ,

{Ay +f(y)=u inQ,

with u € L?(Q), A an elliptic second-order partial differential operator with Lipschitz coefficients
satisfying

colly o) < Ay Vi) < aillyllyy g, forally € Hy(Q)

for some ¢; > ¢y > 0, and a given PC!-function f satisfying the above assumptions. From
[27, Thm. 4.7], we know that for each u € L?(Q), the equation (a.7) admits a unique solution
yu € Hy(Q) N C(Q). Furthermore, a constant co, exists such that

(a.8) 1yl + 1yallo@) < coollu = FO)ll2)  Vu € LX(Q).

Since y, € C(Q), f(y,) is a function in C(Q) and so u — f(y,) belongs to L*(Q). Due to [7,
Thms. 2.4.2.5 and 3.2.1.2], it follows that y, € H*(Q).

From now on, we denote by F : L*(Q) — H*(Q) N H,(Q) the solution operator of (a.7). Since
the f; are all C!-functions, they are thus Lipschitz continuous on bounded sets. From this and
[24, Prop. 4.1.2], f is also Lipschitz continuous on bounded sets. By a standard argument, we
arrive at the following result, which generalizes the one in Proposition 2.1.

Proposition A.3. The solution operator F : L*(Q) — H?*(Q) N H}(Q) is Lipschitz continuous on
bounded sets in L*(Q), i.e., for any bounded set W C L?(Q) there exists a constant Ly, such that

(a.9) I1F(w) = F)llpzo) < Lwllu = vllre) Yu,v € W.

Now fix ¢ > 0 such that
< i —ti

forall2 <i<k.

From the estimates (A.9) and the embedding H2(Q) < C(Q), there exists a constant 5 € (0, p;]
satisfying

(a.10) lya — Yu”c(ﬁ) <é&
whenever u, i € BLZ(Q)(u»;‘, D).

For each u € L*(Q), we further denote by G, : L*(Q) — H*(Q)NH,(Q) < L*(Q) the solution
operator of the linear equation

An+ayn=w inQ,
(A1)

n=0 ondQ,
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with w € L?(Q) and
k+1

au(x) = )" Vo) GuCO)f ()
i=1
for x € Q and y,, := F(u). It is easy to see that

ay(x) € Op f (yu(x))
for all x € Q, where dp f(t) stands for the Bouligand subdifferential of f at ¢.

Remark A.4. When f(t) := t*, we have k = 1, fi(t) = 0, f2(t) = t and Sy = {t; := 0}. In this case,
ay = 1(y,>0}, and so (for A = —A), G, reduces to the one defined in Proposition 2.5.

From the a priori estimate (a.8), we see that for any bounded set W L%(Q), the set {y, =
F(u) : u € W} is bounded in C(Q). Therefore, there exists a constant Cyy satisfying

0 < ay(x) < Cy

for a.e. x € Q and for all u € W. The same lines as in the proof of Lemma 2.6 imply that G,
satisfies the estimates in (2.7) as well as in Lemma 2.6 for all u € W with some appropriate
constants.

We now turn to the verification of the generalized tangential cone condition for F. The
following lemma is a generalization of the key Lemma 2.7.

LemmaA.s. Letu,i € L*(Q) withu, il € BLZ(Q)(MT,p_> and% < p < 2. Then, the following estimate
holds

IF(@) = F(w) = Gu(@t = w)ll2(q) < Lpl Q21w D)l (o) IF@) = FW)ll2(0
with p’ = 227’;) for some constant L, and

k

)= ) [Viyuetmetnyactentive) + Viyactee i yucten tiven)| B
i=1

k+1

k
D VoumtyactintironBi + ), V) G s Yi = Y-
i=1 i=1
Proof. Let us set y := F(@1), y := F(u), £ := G,(@i — u), and w := y — y — £&. We then have that
Ay + () =4,
Ay + f(y) =u,
A +ayé =1d—u.

This implies that

AY-y-O+a(y-y=-8=f0)-fO)+a(y -
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or equivalently,
Aw +ayw=">

with
b=f(y)—f)+au@-y).

By a computation, we have

k+1 k+1 k+1
(a12) b= TttdMD) = D W td D) + D Vi td DF )G - )
i=1 i=1 i=1
= bl + b2
with
k+1
b= = V@) (i) - i) - FO)G - )
i=1
and
k
(a13) by i= D" (11 ) = T td3) £i).
i=1
From the definition of r;;, it holds that
k+1
(a14) il < > Tt edrim(3, 3 = P = 1.
i=1

Because of (a.10), we have

Vit ) = Vi, (D) = Viyettin tinte) yey-e. i)y T Viyettioe, 1), 9 et y+e))
~Tyetintinroyei-eatin)) = Vpeti-an).yety+eo)
+ Vet tiatory=tia) + Vy=tiyettiy+e))
~ Vet timtony=tia)y = Vg=tiyettiy+e))

with the convention that

(—o0 —g,—00) = (=00, —00 + £) = (+00 — £,4+00) = (+00,+00 + ¢£) = (.

This implies

(a15) ﬂ(ti,l,t,»](y) - “(ti,l,ti](}A’) =d;+e;

with

(a.16) di = Vyettimtimroryey-e i) T Vyetien). et yro)

—VettintinveryeG-eti)) = Vpetti-e ti, yelt, +¢))
=T yetine i) yettiony+o} T Vpet,tive) ye(i-e 1))

— Vyetintiare)ye-etin) = Vpetize i), yeltn +e))
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and
ei = Vyet;p,tive)y=tin} + Vy=ti, ye(ti,tive)}
- ﬂ{j/e(t,-_l, tiste),y=ti} — ﬂ{y:t,—,ye(ti,t,—w)}-
Multiplying two sides of (A.16) by fi(y) and then summing up, we get

k+1

k
Z difi(y) = Z [V etntiveryet-eny = Vieten.yetnyror] i) = fin(3)) .
i=1 i=1

Similarly, we obtain

k+1 k
Dlefi@) =D [1y=tusettntrey = Vmtyettren] ) = fin(@)
i=1 i=1

M»

Vy=tiyettntive)y (i(D) = firn(D) .

1

I
—

Here we used the identities (a.2) to obtain the last equality. From the above equalities and (A.13)
as well as (a.15), it holds that

k
|b2| < Z [V getnnroryet-eny + Vigeten).yetnyror] |fi@) = fin@)l
i=1

k
Y Vyetietentren |1HG) = fin()]

i=1

k
< Z [1petnnreryetti-etly + Vet yetntror] 1) = fin@)] .
i=1

1

Besides, on the set {y € (t; — ¢,t;], 7 € (¢, t; + €)} we deduce from the non-decreasing mono-
tonicity of f; and f;;; that

i) z fiti) = fin(t) < fin@),
which gives
fin(t) = fin(9) < fi(D) = fin(D) < fi(D) - fita).
Consequently,
|i@) = firs (D) < max{|fisa(t:) = firnD 1fi(D) - fitl}
on the set {y € (¢; — &,1;], 9 € (t;, t; + €)}. Combining this with (A.5) and (A.6) yields

Vyettima il yetntirey fi@) = firiD| < Vyeti-eti) yettrtive)} Bil — il
< Vyetietd yetntvey Bily = -

Similarly, we get

Vyettime ), yettntive | i) = firtD| < Bil (Gettize,ta), yeltitive)} |V = V1.
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These above inequalities give

k
bol < ) Bi (Viyettime i pettunsen + 1 getmetyetisoy) 19 = 1

i=1

Combining this with (a.12) and (a.14) yields

b < {(u, )y - .
From this and the same arguments as in Lemma 2.7, we obtain the desired result. O

Using the continuity of F from L?(Q) to C(Q) and the uniform limit (a.4), Lebesgue’s dominated
convergence theorem implies that the superposition operators r;y : L2(Q) — L¥'(Q) defined by
(a.3) satisfy

rivVus Va — Yu) = 0in L7 (Q) as u, i — u' in L*(Q)
for any p” > 1. From this and Lemma A.5, we arrive at the following result, whose proof is similar

to the one of Corollary 2.8.

Corollary A.6. Let i > 0 and assume that |{y" = t;}| is sufficiently small for all1 < i < k. Then
there exists a p > 0 such that

I1F(@) = F(u) = Gu(@t = W)l < pllF(@) = F@)llrzo)

forallu, i € Br2 (), p)-
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