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So-called functional error estimators provide a valuable tool for reliably esti-
mating the discretization error for a sum of two convex functions. We apply this
concept to Tikhonov regularization for the solution of inverse problems for partial
differential equations, not only for quadratic Hilbert space regularization terms but
also for nonsmooth Banach space penalties. Examples include the measure-space
norm (i.e., sparsity regularization) or the indicator function of an L* ball (i.e., Ivanov
regularization). The error estimators can be written in terms of residuals in the
optimality system that can then be estimated by conventional techniques, thus
leading to explicit estimators. This is illustrated by means of an elliptic inverse
source problem with the above-mentioned penalties, and numerical results are
provided for the case of sparsity regularization.

1 Introduction

Variational regularization often leads to minimizing a sum of two convex functionals and
discretization is usually performed by restricting minimization to a finite dimensional subspace.
For inverse problems in the context of large scale PDE models, adaptive refinement of the
computational mesh is crucial for an efficient numerical solution. Recent contributions to the
topic of adaptive discretization of inverse problems can be found in, e.g., [24] on adaptive finite
volume discretizations for Tikhonov-TV regularization, [32, 37] on moving mesh regularization
and adaptive grid regularization, [9, 10, 14] on refinement and coarsening indicators, and [3, 6,
7, 8, 23, 30, 29, 31] on goal oriented error estimators.

A key step for adaptive discretization is reliable estimation of the discretization error using
quantities available in the numerical computations, i.e., in an a posteriori fashion. The functional
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error estimators described in [42] allow for an exact estimate of the discretization error and
appear to be particularly promising for Tikhonov regularized inverse problems since they have
originally been developed in the context of minimization of a sum of two convex functionals.
Yet so far they have not been considered for inverse problems and only very recently for control
problems in, e.g., [22, 34, 48]. Regarding nonsmooth problems, functional error estimates have
been used to derive a posteriori error estimators for the finite-element discretization of total
variation denoising in [4].

In this work, we are concerned with linear inverse problems for PDEs consisting of the
forward model

(1.1) Ay = Bu
together with the measurement equation

(12) Cy=g

where u is the unknown parameter (e.g., source term, boundary data, or coeflicient), y is the
corresponding state solving (1.1), g is the observable data, A : Y — W*, B: U — W*, and
C:Y — @G are linear operators, and G, U, ‘W, and Y are Banach spaces.

As a simple motivating example, consider the inverse problem of electroencephalography
[20], which consists in recovering the current density distribution within the brain from poten-
tial measurements on the scalp. This can be formulated (assuming constant conductivity for
simplicity) as an inverse problem for the PDE

-Ay = yp,u inQ,
oy=f on 0Q,

where u is the desired current density, w, C Q denotes the region of interest inside the skull Q,
and f is the given current flux on the scalp Q. The measured data is g = y|r, where I' C Q
denotes the location of the electrodes on the scalp. Here, A is the negative Laplace operator, B is
the extension operator from w, to Q, and C is the Dirichlet trace operator on T'.

In practice, only a noisy measurement g will typically be available, where the noise level &
defined by

g —¢°llg <&

we here assume to be known. Since the solution of such an inverse problems is typically unstable,
regularization needs to be employed; see, e.g., [21, 45] and the references therein. We will here
consider the classical Tikhonov-Philips method in Banach spaces with Morozov’s discrepancy
principle as a regularization parameter choice strategy.

Using the parameter-to-state mapping

S:=A"BeL(U,Y)
and the reduced forward operator

K:=CSeL(U,G),



we can write (1.1-1.2) as a single operator equation
Ku=g.
For this reduced formulation, Tikhonov’s method is given by
(1.3) Bgle} Jo(u,Ku) where Jy(u,g) = G(g9) + Ro(u),

where R, is an appropriate regularizing functional and G a discrepancy term, which in this
work will be assumed to have the form

(1.4) Glg) = %Ilg -9°l-

The discrepancy principle (or rather its relaxed version) amounts to choosing o = a(§) such
that

78 < |Kul - ¢°|lg < 76

holds, where 1 is a minimizer of (1.3) and 7 > 7 > 1 are fixed constants independent of §.

Convergence of this method has been extensively investigated in the literature; see, e.g., [21] and
the references therein for an analysis in Hilbert spaces and [12, 45, 47] for a more general setting
similar to the one considered here. For actual numerical computations, the infinite-dimensional
problem has to be discretized: Finite-dimensional spaces U, ¢ U, Y, ¢ Y, and W), C ‘W are
chosen, and the solution of Ay = Bu is replaced by finding y;, € Y}, such that

(Ayp — Bu, wp) =0 Ywy € Wy,

To carry the convergence results over from the infinite-dimensional to the discretized problem,
the error due to discretization has to be assessed. In particular, it is important to carefully balance
discretization and regularization. As it turns out, only errors in the functionals G and J,, need to be
controlled in order to obtain a convergent adaptive method. This makes the theory of functional
error estimators in [42] applicable. As we will show, these estimators are applicable for different
choices of regularization functionals. These include the usual squared Hilbert-space norm, i.e.

Re = %II-IIEL{, but also nonsmooth penalties of the form R, = 5BL°°((UC) or Rg = allll M(we)

where M(Q) is the space of Radon measures. The latter penalty ils/auseful for incorporating
sparsity regularization, while the former penalty corresponds to Ivanov regularization (also
called method of quasi-solutions, see [26, 27, 28, 36, 47], as well as [38] in the context of Hilbert
scales), where the regularization does not take the usual additive form with o as a multiplier.
In all these cases, the functional error estimators can be computed in terms of residuals in the
optimality system.

This work is organized as follows. After fixing some common notation, we present in Section
2 the basic results on convergence of adaptively discretized regularization methods and the
functional error estimates our analysis relies on. These estimators are then applied to the classical
Hilbert space regularization in Section 3, first in the general setting and then specifically for a
model inverse source problem for the Poisson equation. Similarly, Section 4 and Section 5 treat



the case of Banach space norm constraints and norm regularization, respectively, again both in
the general setting and for model problems (Ivanov regularization resp. sparsity). For the latter,
numerical experiments given in Section 6 demonstrate the efficiency of our approach.

2 Notation and preliminary results

For some Banach space X with dual X*, we use the notation (x*, x)x+ x for the canonical duality
pairing. In case of a Hilbert space X, (x, x3)x denotes the inner product. Moreover, ds denotes
the indicator function of some set S and BX the closed ball of radius r around zero in the normed
space X.

2.1 Functional-analytic setting

In the following, we assume that U, ‘W, X, Y are Banach spaces with ‘W and Y being reflexive,
and that G is a Hilbert space. Furthermore, we suppose that either X = U™ or U = X™ holds,
which allows us to use a consistent notation in the rest of the paper and to avoid cumbersome
case distinctions. For a convex functional F : U — R, we will denote by

F*: X - R, F*(x) = sup{u, x)qs, x — F(u)
uel
its Fenchel conjugate. If X = U*, this coincides with the usual definitions in the sense of convex
analysis. For U = X", it is common to define as here the Fenchel conjugate on X instead of X™*
in the special case of F = G* (i.e., the biconjugate of G); the redefinition in the general case is
less common but still consistent and coincides with the “predual” approach as in, e.g., [16]. This
will allow working with spaces of continuous functions instead of the dual of measure spaces
later on. In particular, the Fenchel conjugate of F(u) = «/||ul|¢ is always given by

0 iflxllx < a,

oo if||x||x > «a.

F'(x) = 8 (x) = {

In the case that U is a Hilbert space, we set X = U, in which case the duality pairing coincides
with the standard inner product. In particular, for F(u) = %Ilu —z|| fu we have

F*(w) = = (llu - zIl3, — llzll3, ) -

N | =

We further denote by
OF(u) ={x e U" : (4 —u,x)qq,x < F(@) —F(u) forallu e U}

the convex subdifferential of F : U — R. Note that we always have the inclusion X c U*,
either by equality or by using the canonical injection from X to X™*. In the latter case, existence

of the duality mapping ¥ : U — X, defined by

ITWllx =1 and (w,TYW)yx =llully  forallue U,



ie, Y u) € d(||-ll/)(u), becomes an additional assumption.
We further need the linear operators A € L(Y, W*), Be L(U, W*),and C € L(Y, G), and
assume that A is continuously invertible. We will also make use of the adjoints

A" e L(W,Y") with  (Ay, whw-w =y, A"W)y v+ forallye Y, we W,
B* € L(W,X) with (Bu, )y« = (u, B'w)qs x forallu e U, we W,
C' e L(G,Y7) with (Cy,9)g = (y,.C'g")y.y- forallyel, geg,
K" e L(G,X) with (Ku,9)g = (u,K*g"Yu,x forallue U, ge G,
S* e L(Y*,X) with Su, yVy. vy = WSy, x forallu e U, y* € Y*.

Let us emphasize that the existence of B* with the mentioned properties is an actual assumption
in the case U = X*, which is equivalent to the assumption that B is the adjoint operator of an
operator *B. (With a slight abuse of notation in the first two cases, since these are actually the
compositions of the standard adjoints with the canonical embeddings W — W**). In addition,
{Ro}as0, R : U = R,isa family of proper, convex, lower semicontinuous functionals.
Finally, let Uy, Yy, W), be finite dimensional subspaces of U, Y, W, respectively. In the
case that U is a Hilbert space, we will denote by Pq;, the orthogonal projection onto Up,.
Furthermore, Ry, : W* — W and Ry, : ¥* — Y,’ denote the Ritz projectors defined by

(1) R, W whdw:,w, = (WS Wiy aw, Ry Yy vy, =Y Yn)yey.

2.2 Convergence of adaptively discretized Tikhonov regularization

We consider the Tikhonov regularization (1.3) equivalently written as a PDE-constrained mini-
mization problem

. 1 . N
(2.2) g min | Ja(u.) = 3 1Cy - 9°lIG +Ra(u) st Ay=BuinW".

The discrete counterpart of (2.2) reads

(2.3) ueﬂr}?’igeyh Ja(u,y) st. Ry, (Ay — Bu) = 0.
Let (u2,y2) be the exact Tikhonov minimizer, i.e., a solution of (2.2), and let (up, yp) € Uy, X Y,
be some approximation, e.g., a solution of the discrete problem (2.3). In this abstract setting we
just presume existence of minimizers of (2.2) and (2.3) and will verify this assumption for the
applications in Sections 3.2, 4.2, and 5.2. The question is now how the convergence of the discrete
approximation uy to solutions of the equation Ku = g can be guaranteed for (h, &, §) “\, 0.
The following theorem shows (similarly as in [30, 39]) that it is enough to adapt the discretiza-
tion and the choice of the regularization parameter «(J, k) in such a way that the difference in
the functional values satisfies

Ja(uh, yh) _]a(ug’ yg) <y

and the difference in the discrepancy values satisfies

(2.4) IKnun = g°115 = 1Kug = ¢°lI% = ICyn — g°11Z — ICy2 - g° 1%, < np,



where 1; and np can be controlled to be small enough relative to 6.

Proposition 2.1. Let (u®,y%) be a minimizer of(z.z)_and (ug’h, yg,h) be a minimizeiof(z.?,).
Let a(6) be chosen such that for some constants ¢y, ¢3, 7,7 > 0 independent of § withT > r >
max{V1+ 2¢s,1+ ¢}, the estimates

©5) 7 < ”Cyg(é),h - ¢°llg <76,

(2.6) |||Cy§(5)’h ~°llg - ”Cyf,(a) _ 95||g| < o6,
and

(2-7) Ja(5)(u2(5)’ha yg(&,h) - ]a((S) (uz(é), yg(s)) < C252

hold. Then for any solution u’ to Ku = g', we have

(2.8) Ra(s)(Uy5) < Ra) (') and  Ras) (U5, 1) < Ra(e) (') forall 5 > 0.
Moreover, we have

(2.9) ICYS 50 —9°llg <T& =0 and |ICy) 5 = g°llg < (T+ 1) — 0.

Proof. Set o, := a(5). By the assumptions (2.5-2.7) and minimality of (ug*, yg*), we have for
any solution u' to Ku = ¢

1 1
T8+ Ry, ) = 20" < 2NCY, 4, =9 lig + Re (1) = €267

L s & P 1 s
< ICYe, = 9°lig + R (uz) < ZIIKu' = g°llg + Ra. (u")

1
S8+ Ra () < ICys. = g° 117, + Re. (')

1

2 (z - a)? |
(where we have used ||Cyg* ~¢%llg = (z — ¢1)8 in the last estimate), which by comparison of
the third and the sixth as well as of the first and the fifth expression in this chain of inequalities
together with 7 > max{+1 + 2cz, 1+ ¢;} yields (2.8). The convergence (2.9) follows directly from
(2.5) and (2.6). O

Note that no absolute value is required in the estimate (2.7). From (2.8) and (2.9), convergence
and convergence rates for both the continuous and discrete sequence as 6 — 0 follow under
the usual assumptions on R, see, e.g., [21, 45, 46].

Remark 1. Here we have taken into account the fact that in practical computations, the
discrepancy principle (2.5) can only be checked for the discrete residual ||Cyg S\h Plg =

||Kh“g*(5),h - g‘sllg, not the exact residual ||Ku§*(6)’h - g5 llg for which (2.4) can be employed.
To bridge the gap between these two quantities, we will use the triangle inequality and an

additional estimate of ”Khui(a),h - Kui((s)’hﬂg-

The accuracy requirements that will have to be met by an adaptive discretization are stated in
assumptions (2.6) and (2.7). Note that for this purpose, the accuracy of u need not be controlled
directly, but only via the residual norm and cost function values. In the next section, we will
derive corresponding estimates based on the functional error estimates from [42].



2.3 Functional a posteriori estimators

Our approach is based on the following functional error estimate, which is inspired by [42].
We employ the strong convexity of the discrepancy term (1.4) to obtain a slightly improved
estimate.

Proposition 2.2. Let (u,y2) be a minimizer of (2.2). Assume that there is a family of functions
{pata>0, 0o : U X U — Ry, satisfying

(2.10) A1 = D)o (u, uz) < AR (w) + (1= HYRy(u2) — Ra (Aug + (1= Auz)

foralluj,uy € U, xa > 0, and A € (0,1). Letv € U and g* € G be arbitrary. Then, anyv € U
and g* € G satisfy

o) IR = O + 0a(ud ) < a0, K) - Lo, Kud)
< R (v) + RL(K'g") + G(Kv) + G*(—9g").

Proof. Due to the assumptions and the strong convexity of G, we have for v € U and A € (0,1)

A=) (SIS = o) + (e, 0)) < Al Kud) + (1= )0, K)
— Jo (Al + (1= o, K(Aud + (1- M)v))
< (1= ) (v, Kv) = Ja(uy, Kud)),

where we have used optimality of u in the last step. Dividing by 1 — A and letting A ,* 1, we
obtain the first inequality. The second inequality is a consequence of weak duality. O

Condition (2.10) is satisfied, e.g., with ¢ (u1, uz) = 5 llu; — uzllfu in the case of a quadratic
Hilbert space penalty; see Section 3. But we will see that (2.11) still provides valuable information
on the error if (2.10) is only satisfied with ¢, (11, u2) = 0, as in the case of Banach space norm
constraints and penalties; see Sections 4 and 5, respectively.

Here it is important to note that the right-hand side of estimate (2.11) does not contain the
unknown solution u2. We will use this estimate with v := ”2,h’ which is available in the
numerical computations. We also point out that the right-hand side corresponds to the duality
gap between problem (1.3) and its dual problem in the sense of convex analysis; see, e.g., [19].
Hence if v and g* satisfy primal-dual extremality relations for (1.3), then the right-hand side of
(2.11) vanishes.

The sub- and superscripts «, § will be omitted in the following. Instead, we will write (&, i),
(@i, Jr) for the continuous and discrete minimizers (12, y%), (ug’ B yg’ ,)> respectively.

2.4 Model problem

To illustrate the derived estimates, we will apply them to the identification of the source term u
in

Ay = yp,u inQ,
(2.12)

y=0 on 0Q,



on a domain Q C R", n € {1, 2, 3}, from restricted observations g5 of y in w,. Hence,

Ay = —Ay, A=A,
Bu = y,.u, B*'w = wl,,,
CY = Yluw,> C*9 = Xwo9>

and G = L?(w,).

In the sequel, we assume that Q is polyhedral and convex. This enables us to employ H?-
regularity results for the elliptic equation (2.12). In addition, we can avoid technicalities in the
finite element setting on curved domains.

We define Y, = ‘W), by continuous piecewise linear finite elements on a shape regular
triangulation 7}, consisting of element domains K see, e.g., [11]. The set of all faces of elements
will be denoted by &;,. The associated nodal interpolation operator will be denoted by 77, which
is continuous from Cj,(Q) to Yj,. We will employ the standard interpolation estimates

(213 {VK €T : lo =T vllpey < erhilvlie ) Yo € HX(Q),
2.13

VEe&h: llv—I"vllizpmag < chi ol Yo € HA(Q),
where hg is the element diameter, as well as the stability estimate
(2.14) 0lli2() < csllAvliz@) Yo € HA(Q) N Hy(Q),

cf. [11, Thm. IL.6.4] and [15, Thm. 3.3.7].

3 Hilbert space regularization

In this section, we assume that U is a Hilbert space, identify X with U, and consider as
regularization term the squared norm, i.e.,

a N 1
R = §||-||§1, and hence R}, = ﬁn-uzu.
Since ¥, is differentiable, we obtain for (2.2) by standard Lagrangian calculus the optimality
system
C*(Cj—¢°) + A™w = 0,
(3.2) aii— B'w =0,

Aj — Bii = 0.
The corresponding discrete system for (2.3) is
Ry, (C*(Cgn = g°) + A") =0,
(3-2) auy — PrL[hB*Vvh =0,
R, (Ayp — Bap,) = 0,

with Ry, , Ry, as in (2.1), which corresponds to a finite element discretization of the state and
adjoint equation. The solution (i, g, W) € Up X Yy X W), of (3.2) can be considered as an
approximation to the solution (@, 7, w) € U x Y X W of (3.1).



3.1 Error estimates

Setting ¢ (u1, u2) = 5 llur—uy ||,2u, we obtain from Theorem 2.2 that the solution # to (1.3) satisfies

(3.3)
allu —allg, + IKu - Kallg < 2 (Jo (u, Ku) — Jo (@, Ki))

< allully, + ~IKg I + 1Ku = g°I% +1lg" - g 1%~ g I
= allully, + < 1K (g - gl + 1w - g 1% + lgl 119”1
= ~flau + K*(g - gl + I1Ku - gl

for any u € U and g* := g° — g € G for any g € G. We now define

(3-4) § := S, = A”' By,

Inserting u = 4y and g = Cyj, in (3.3), we arrive at

(35)  allan —allg +11CY ~ Cilly < 2 (Ju(@n, §) ~ Jo(@, 7))
1 o~ g
— ey +5°C*(Can = 9°) g, + IC(A™ Ban — ) I

IA

1 * _— * %k - * —
—llaay, =By, + 8*(C"(Cgn = g°) + A" )l
+ ICA™ (Agn — Ban)lIf;-
Here, (3.5) contains the residuals of the equations in the optimality system (3.1), which are given
by

pu = C*(Ciip — g°) + A"y, = A" (wy, — W),
(3.6) pu = ady — B wy,

py = AGp — Bip, = A(gh = 1),
where (§,w) € Y X W and (gp, W) € Y X W), satisfy

(3-7) {Ryh (C*(Cn - %) + Awn) = 0, {C*(Cﬂh -g°)+ AW =0,
. N

Ray, (Agp — Bap) = Ay - Bay = 0,

for the same iy, € U}, (note that the left system is coupled, as opposed to the right one). Thus
the inequality (3.5) appears to be suited for a posteriori error estimation.

Although estimate (3.5) only gives an estimate on Ky, — Ko = Cj—Cgj and not on Ky, —Kii =
Cip, — Cy (which is needed for (2.6)), we can use the identity 7, — § = A py.ie.,

(3-8) Cgn — Cij = CA™ (Agn — Bap)
the triangle inequality, and the fact that

(3.9) Va,b,c,dZO:a+bz§c+d2=>a+(b+a')2§yc+o'd2



holds for

2
(3.10) (0=4andy >2) or oc>4andy > ?

o+ Vol -40

(see the Appendix for a proof) as well as

. _ _ N [ .
(3.11) Ja@n, ) = Jo(@h, ) = (CP — ¢°, Cijh — Ci)g — 1€ = Cillg
to obtain from (3.5) the following a posteriori estimate.

Proposition 3.1. Let U be a Hilbert space and R, = %II-IIEM. Then the minimizers (i, §) of (2.2)
and (4p, yn) of (2.3) satisfy the estimates

IA

(312)  allan - ally, + ICq - Cllg, gIIB*(A*)_IPw + pully +alICA™ pylIZ,

A

1 * Y\ — — —
(3.13) Jor (s Gn) = Ja(@,9) < —IIB*(A) " + pulli; + (Cgn — g°,CA™ py)g,
with o andy as in (3.10) and p.,, py, and py as in (3.6).

Here the factors o and y may be used to minimize the right hand side of the estimate. In the
following, we will fix 0 = 4, y = 2 for simplicity.

At a first glance, estimate (3.5) requires solution of state and adjoint equation on a fine grid
for applying S* and CA™, but this can be avoided in some relevant examples; see, e.g., Section
3.2 below.

3.2 Application to inverse source problem
We now apply the estimate from Proposition 3.1 to the model problem (2.12). In this case, we
have U = L*(w) as well as Y = H}(Q) = W, and the Tikhonov problem is given by
min 2y = 0 s,y + 5 Nl
st. — Ay = yo 4, Ylog =0.
Hence, using

Pw = Xow, (gh _95) - Awh,
Pu = Ay — Whlew,»

Py = _Agh - chaha
estimates (3.12) and (3.13) become
2 _ _
(3-14) allah - ﬂ”Lz(wC) + th - g“Lz(wo) < ;”(_A) 1[pw] + pu”i2(wc) + 4||(_A) l[py]HEZ(wo)’

1
(3-15) ]a(ah’ gh) - Ja (L_l, g) < Ell(_A)_l[pw] + Pu ||22(wc)
+(@n = 9%, (D) [Py D)2 (0y)-

10



It remains to describe how the right-hand sides can be evaluated for a given discrete ap-
proximation (@, ). The residual p,, can be estimated using a conventional error estimator:
Observing that wy, and w solve the discretized and continuous Poisson equation with the same
right-hand side C*(Cgj, — ¢%), we can write

(3.16) (Ao = (wh — W) = ((A;) " = (A)HC* (Can - ¢°).

Hence, using duality-based error estimators, e.g., from [1, Sec. 2.4], with ¢ = A”'BB*(w,—w) € Y,
we obtain

I1B*(A") o llr = 1B (wh, = W)l = (Ag, Wj, — Waye ay
= (@, A" (W= W)y, y = (o= T7 0, A"(Wy — W)y, y-,

where we have used Galerkin orthogonality in the last equality. Since Q is assumed to be convex
and polyhedral, we can apply (2.13) to ¢ € H*(Q) to obtain for all K € 7}, the estimate

o = I ollz + B2 = I vllizoxa0) < crthilolm ),

Due to H?-regularity, we can also apply (2.14) to further estimate || m2(@) < csllwh = Wiz (w,)-
From (3.7) and integration by parts, we thus obtain

95— 1%, = / V(p— 17 ) V(wp — ) dx
Q

=), ( [o-170puax+ [ 0-17vw,: vds)
Ke7 VK oK
1
<y (Bllowliza + 5h IV - Villaxan ) 19l
Ke7y
1/2
1 A~
< C’T( Z h‘[l(”pw”izuo + Eh§<|||[VWh : V]]Hiz((')K\E)Q)) Hwh - W||L2(wc)7

KeTy

where cq := cjcs, and [-] denotes the jump over the element boundary 0K with normal v.
Canceling the norm on both sides then yields

(3.17) 1(=0) " Tpw]llz(e.)

lWh = WLz (w,)

1/2

1

< crr( D hicllpulZa e + ShiTVw - V]]||1%2<6K\69))
KeTy

CT Nw.

Note that although p,, is globally only an element of H!(Q), we may take its elementwise L?(K)
norm, since wy, is piecewise polynomial and therefore A(wy,|x) € L%(K). In case of piecewise

linear finite elements, we just have || ., (Jn — g‘S) ) in place of || p,, ||?

12 .
L2(K LY(K)

11



The term containing p,, is straightforward to evaluate as a sum of elementwise contributions.
Analogously to (3.16), we have a similar representation for p, in (3.8). As in (3.17), we can thus
estimate

1/2

. 1 _
(3.18) 198 = lzzon) < e | D Byl + PRIV VI ok a0)
KeTp

LTy,

Combining (3.14) and (3.15) with (3.17), and (3.18), we thus obtain the explicit a posteriori estimates

a”ah - a”I%Z(wC) + “gh - gllEZ(wD)

2 _ o
—N=R) o] + pullfy + 4l1T8 = G2,

IA

2 (erm+ lulisg,) "+ 4 (erm)”

Jo(tn, Gr) — Jo (@, §) < % (CTUW + I|Pu||i2(wc))2 + e nyllgn _95||L2(wo)'
Remark 2. The L? inner product term in (3.15) could in principle lead to a negative estimate of
Jo(@n, Gn) — Jo (@, §), which by (2.7) would mean that no refinement is required from the point
of view of cost functional accuracy. However, so far we have not found a means to reasonably
evaluate this term as a possibly negative inner product (approximating (—A)~! by its discretized
version would just make the term vanish) and thus to estimate it by the Cauchy-Schwarz
inequality.

Estimates (3.17) and (3.18) give bounds on quantities defined on the possibly restricted sub-
domains w. and w,, respectively. However, the estimators are sums of contributions on the
whole domain Q, and the dependence on the subdomains w,, w, only enters indirectly via the
definition of p,,, Wy, py, and gy, Still, this makes sense, since these estimators are supposed to
indicate local refinement of the finite element mesh for wy, and ij;, defined on all of Q.

Remark 3. Related results can be found in the literature on a posteriori error estimates for
optimal control problems. We mention [33, 35], where H'-error estimates are used in contrast
to the L2-estimators employed above. Goal-oriented error estimators of dual-weighted-residual
type are investigated in, e.g., [5, 23, 30, 31].

4 Banach space norm constraint
In this section, we consider as regularization term
N 1
Ra = bgu , and hence R, =—1llx-
1/ a [04
This setting is of particular interest for incorporating pointwise almost everywhere bounds on
uvia U = L*(w,); see Section 4.2 below. Let us recall that in the setting U = X*, the operator

B is explicitly assumed to be an adjoint operator, which is the case in the example considered in
Section 4.2.
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Using the definitions of Section 2.1 and standard arguments from convex analysis, we obtain
for (2.2) the optimality conditions
C*(Cj— ¢°) + A™w = 0,
and (u—ua,B"W)yyx <0 YueB
Afj - Bii = 0.

Uu

- Uu
iU €EB Ve

1/a

The corresponding discrete optimality conditions are

Ry, (C*(Cijn — ¢°) + A™wy) = 0,
Uy,

_ U, _ % -
(4.1) up € Bl/g and (up —ap, B'wp)y x <0 Vuy € Bl/a’

RWh (Agh — Bay) = 0.

4.1 Error estimates

Setting ¢4 (uy, uz) = 0, we obtain from Theorem 2.2 that the solution # to (1.3) satisfies

IKu ~ Kallg, < 2 (Jo (u, Ku) = Jo (@, K@)

IA

2 k %k *
—IK"g Il + IKu = g°llg + llg™ = ¢° I = llg° I
2 .
= ~IK" (9= ¢")llx + 20w K (9 = ¢°))as.x + IKu — gllg

forany u € U and g* := ¢° —g € G forany g € G. Inserting u = iy, and g = Cij, with
(@, Gn, wn) € Up X Yy x W), satisfying (4.1), we obtain

(4.2) lcg - gl

IA

2 (]a (l_lh, l?) —Ja (L_l, g))

2 kA — ¥ A — — —
ElIB Wllx = 2(@n, B"Wya, x + [ICA™ (Agy — Ban)ll,

IA

with § and w defined as in (3.4) and (3.7), respectively. Note that by ||ay|lqs < é the term
éHB*WHX — (@p, B*w)q, x is indeed nonnegative.

For the first and last relation in (4.1), we can define the residuals p,, and p, as in (3.6) and,
taking into account (3.8)—(3.11), obtain a first a posteriori estimate.

Proposition 4.1. Let R, = BY - Then the minimizers (4, §) of (2.2) and (@i, §p) of (2.3) satisfy
1/«

the estimates
4 k A - E _
ICyp — Cgllzg < —|IB*wllx — 4itp, B'w)q, x + 4||CA 1py||2g,

IB*Wllx — (@n, B*Wyar, x + ICA ™ pyllglICan — ¢°llg-

RI~ K

Ja(ah’ gh) = Ja (1'_‘9 g) <

with py as in (3.6).
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If a duality mapping J ¥ (x) € d||-]lx(x) exists (e.g., if U = X*), we can also define a residual
for the second relation in (2.3) by

(4-3) pu = aiy — J X (B wy).

From (jX(B*wh),B*wm%X = [|B*wp|lx it follows that (p,, B*wp)qs,x < 0. Then we can
estimate

IB*Wllx + aiin, B"War, x = (—pu — (T X (B wr) = T ¥ (B*W)), B*W)qs, x.-
By construction we have that
(T X (B wh) = TX(B*W), Bwiu,x = |B*whllx — (T X (B*W), B*Wp)as,x > 0
Hence it follows that
(TXB*W) = T (B Wr)), B Wyar,x < (T (B W) — T X (B*wn)), B* (W — wp))as, x.-

Introducing the symmetric Bregman distance of || - ||¢/ defined as

D} (B, B*wy) = (T X (BW) = T ¥ (B"wn)), B* (W — wi))uu,x,
we obtain the estimate

IB*Wllx = atin, B' W), x < (—pu, B"Whas,x + D) (B"W, B"wp,).

Using (3.8) in (4.2) together with the definitions of p,, and D ”yrlr yields the following estimates.
Proposition 4.2. Let U = X* and R, = BY - Then the minimizers (i, §) of (2.2) and (ian, §p)

of (2.3) satisfy the estimates
4 . _

(4.4) ICgh = Cl, < =(=pus B )ar,x + DI (') + 4ICA™ py I,
1 ¥ A ¥ A * -

(4.5) Ja (. Gn) = Jo (@, 9) < —(=pu. B'W)u,x + EDTIY-II& (B*w, B*w)
+ICA™ pyllglCn — ¢°llg

with py as in (3.6) and p, as in (4.3).

Let us remark that due to (3.6), the unknown w can replaced by wy, — (A*)"'p,,. Hence, the
components of the error estimate are fully available in numerical implementations, as we will
show in more detail in Section 4.2.

If a variational discretization, i.e., U = U, is used, then from (4.1) we obtain B*w;, €
85330[ (@iy,), which is equivalent to @y € 9| - || x (B*wp). This implies that p,, = 0, and hence (4.4)

and (4.5) reduce to

I/\

s”yﬂn (B*w, B*wy,) + 4||CA™ Py

1 m v B )
— D} (B, B'wy) + ICA™ pyllglICTn = 9°lg-

(4.6) ICTn — Cillg I,

I/\

(4'7) ]a(ah’ gh) _]a(a’ g)

14



4.2 Application to inverse source problem

We now apply the estimate from Proposition 4.2 to the model problem (2.12) for the case of
Ivanov regularization. In this case, we have U = L™ (w.) and X = LY(w,), i.e., U = X*, and
hence the duality mapping is given by

jX(B*w) = sign(wly, ).

As before, we take Y = H}(Q) = ‘W. The Ivanov problem is then given by

for a.e. x € w,

IS

1 5112
min Elly—g 20, St @)l <
and — Ay = y,.u,  Yloq = 0.

The residuals used in Proposition 4.2 are now given by

Pw = Xa)o(gh _95) — Awp,
Pu = oy — Sign(whlwc)’

Py —A§n = Xo.Up.

We will consider the case of variational discretization for simplicity, where we can make use
of the estimate (4.6). Since the term containing p, in (4.6) can be estimated by (3.18), it only

remains to consider the term containing Dle Iltv which in this setting can be estimated by

[\

poym

o a Tk - r, . DN A .
- llx (B W,B Wh) = E <Slgn(W) - Slgn(Wh)’W - Wh>L°°(wc),L1(wc) < —||W — Wh”Ll(a)c)-

a
(Note that we cannot expect smallness of |[sign(w) — sign(wp)||=(«,) directly, since continuity
of the sign operator cannot be quantified on X = L'(w,).)

In order to estimate the L!(w.)-norm of w — wj,, we introduce

z:= (=A) Yo, sign(w — wp)] € WHP(Q) N HY(Q) Vp < oo.

We assume from here on that Q c R? is polygonal with interior angles of at most Z. In this
case, we obtain from [18, Thm. 1] that

(4.8) lzllwerq) < cspllsign(w — wy)|lL=@) < csp

holds for all p > 2 with a constant cg > 0 independent of p. In case that Q does not allow for
such a regularity result, and (4.8) only holds for p = 2, we can use the L?-error estimate of
Section 3.2.

Let 77 z be the piecewise linear interpolant of z. Then we have from [15, Thm 3.1.6] together
with (4.8) for all p > d the estimate

2—d 2—d
(4.9) Iz = I7 zllpexy + 2 = I 7 2llpmoxy < er b PP lizllwer) < cres pha P

15



with a constant ¢; > 0 depending only on the chosen finite element family. Using the definition
of z, we obtain

W = WhllLiw,) = (Vz, V(W = wp))2(q)
= (V(z=I72), V(W — Wp))12(0)
=—(z= 1" 2.9h = 9")12(0p) — (V(z = I7 2), Vivn)12(q)»

where we have used Galerkin orthogonality and the fact that the interpolation operator I T
Cp(Q) = Yy, can indeed be applied to z € WP (Q) N H}(Q) — Cp(Q). Here and below, (-, -)2
denotes the L? inner product. Now we integrate by parts on each element to obtain

W = WhllLy (e = = Z ((Z =T 2, = AWh + Yoo (Th — 9712
KeTy

- / Vwy, - v(iz—I7 2) ds)
oK
< > (2= T 2llmgr =80 + o G = 97 s
KeTp
+1lz = I7 zllp~ax\00) 1 TVWh, - V]]”Ll(aK\(’)Q))
o_d_
<cres Y pichy ™ (I=0%h + o, Gh = 9l + ITVwh - vIliaxio0)
KeTy

where we have used (4.9) with px > d individually for each element K € 73. (As in (3.17), the
term Awy, vanishes in case of piecewise linear finite elements.) Choosing now px ~ d | log(hx)|
yields

1 = Wil o) < cres Y 1oghxl By (Ipwlingy + ITV® - viliariae) = e7nw-
KeTy,

With the help of this residual-based error estimate and of (3.18), the error estimates (4.6) and
(4.7) can be computed.

5 Banach space norm regularization

In this section, we consider as regularization term
*
Re = all-llu, and hence R, = B;v((-).

This setting is of particular interest for promoting sparsity of u via U = M(Q); see Section 5.2.
Again, in case U = X we explicitly assume that B is an adjoint operator.
As above, we obtain for (2.2) the optimality conditions
C*(Cg—-g°) + AW =0,
(5.1) B'weBY and (a,u" -BWw)yx <0 Yu'eB,
Aj - Bi = 0.

16



We again consider a discretization of this system. In the following, let (g, @y, wy) be a discrete
approximation of the solution of (5.1) given by

*(= 0 % - _
(5.2) {Ryh (C (Cyn—9g°)+A Wh) 0,

Ry, (Agp — Bap) = 0,
together with a discretization of the second relation of (5.1), which however is intimately linked

to the choice of the space U, and the discrete approximation of B*w € B . We refer to Section
5.2 concerning details for the specific choice U = M(Q).

5.1 Error estimates

Setting again ¢, (u1, u2) = 0, we obtain from Theorem 2.2 that the solution # to (1.3) satisfies

IKu = Kallg, < 2 (Jo(u, Ku) = Jo (@, Kit)
< 2allulle + IIKu = g°1I%, + llg* = g°1I5, — lg°
= 2allully + 2(u, K*(9 = ¢° ) x + IKu =gl
for any u € U and ¢* := g° — g € G for any g € G such that K*¢* € BX.
Similarly as before, we set u = #@,. However, the choice g = Cjj, is not possible, as K*(Cgy, —

g%) ¢ BY in general. Hence, we introduce a scaling factor x > 0 such that g — g° = k(Cgy, — y°)
satisfies

kK*(Cgn — ¢°) = kB*(A*)"'C*(Cyp, — ¢°) = kB"w € BY

with w as in (3.7). It thus suffices to choose

(53) i { - 1}
5.3 K=mm-§——, .
1B*wllx
The estimation of x will be discussed below; see (5.6) and (5.8). Inserting u = @, and g =
kCp + (1 - «)g° with (@, gp, wp) € Uy, x M), x W), satisfying (5.2), we obtain
ICG = Cll%, < 2 UJa(@n,9) = Ju(@, 7))
< 2all@pll — 2an, kB Wyar x + ICA™ (Agy — Baag) + (x — D(Can — ¢°) 115
= 2(allanlley — {@n, B*Wr)a, x + k{in, B (Wh — W))ar, x
+ (1= 6){ap, B*wa)ar,x) + ICA™ py + (= 1)(Ch, — )15

Note that by dual feasibility of xw, the term a||dp||¢s — (@Ip, kB*W)q, x is nonnegative. Estimating

again the terms on the right-hand side using (3.8) and (3.9) with ¢ = 4 and y = 2, we obtain the
following a posteriori estimate.
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Proposition 5.1. Let R, = «||-||zs. Then the minimizers (i1, §) of (2.2) and (@y, §p) of (2.3) satisfy
the estimate

(5-4) ICGn = Cillg < 4(allanlle — (an, B*Wh)as, x) + 4icCin, B (Wi — W), x

+ 4(1 = k), B Wh)a,x + 4IICA™ py + (= 1)(Cgn — ¢°) 117,
(5.5)  Ja(@n, 9) = Jo (@, §) < (alldnlle — (Gn, B*Wh)as, x) + k{ln, B (W — W), x

+ (1= x)(an, B'Wh)u, x

+ICA™ py + (k= D(CFn ~ ¢°)lIgIICTn — ¢° llg

with py as in (3.6) and k satisfying (5.3).

If a duality mapping J Y (u) € 9|-||ly (u) exists (e.g., if X = U*), we could again define a
residual for the discrete version of the second relation in (5.1) via p, := a9 ¥ (@1,) — B*wy, and
proceed similarly as in Section 5.1. Since this will not be the case in the example below, we do
not do so here.

The quantity 1 — k can be estimated by

) < (IlB*Whllx —a+|IB"(wp — w)llx )
< max — —— )
1B*whllx + IB*(wh — w)llx

(5.6) 1—K§max(1— —
I1B*wllx

This bound can be written in terms of the residual p,, as

(IIB*WhIIx —a+ ||B*(A) pwllx )
1 -k < max s s

1B*wrllx + [IB*(A*)1pwllx
which implies that the quantity 1 — x is a combination of the violation of the dual constraint
|B*wy|lx < a and the residual p,,. Thus we can expect 1 — k to be small for a sufficiently fine

discretization. We refer to [44] for a related error estimate for state-constrained optimal control
problems.

5.2 Application to inverse source problem

We now apply the estimate from Proposition 5.1 to the model problem (2.12) for the case of sparsity
regularization. In this case, we have U = M(w.) and X = Cp(w,), i.e.,, U = X*. Due to the low
regularity of the source term, we here set Y = Wol’q (Q) and W = Wol’q(Q), where ¢’ = %
withn < ¢ < % to guarantee Wol’q,(Q) C L*(Q). The operator B : M(w.) — WL4(Q) is
defined as

<Buav>wfl,q"u/015q = /w vdu,
with B*w = w|,,. The Tikhonov problem is then given by

1 512
min —|ly — g°lI72,, y + allullm(w.)
(5.7) Bu 2 (@)

st. — Ay = yo 4, Ylog =0.

18



From [17], we have existence of a minimizer & € M(w.) as well as an optimal state §j € Wol’q (Q)
and an adjoint state w € WO1 "9(Q) satisfying the optimality conditions

— AW+ X0, =9°) =0, glag =0
IWllcy (we) < @ and (@p, W = W) Af(wp), Cp(we) < 0 YIWllc, (we) < @5
- AY = Yo, i =0, Tlapg =0.
As Q is convex and polyhedral, we can employ H?-regularity results. We take here as well

Y, ¢ Y and ‘W), € ‘W as piecewise linear finite elements, and thus the residuals in the first
and third relation are once more given by

Pw = Xeoo Gn = 9°) — Mg,
Py —Agp, — XeoeUh-

We again use a variational discretization U}, = U. It was shown in [13] that the corresponding
semi-discretization of (5.7) admits a unique minimizer of the form a;, = Zj.v;l u;jdx;, where 6y
denotes the Dirac measure concentrated on x € Q and {x; }jj\icl are the interior vertices of 7,
lying in w.. Hence, we have that

allanllmiwe) = CBhs Wh) M(we), Cp (we) »

so that the first term on the right-hand sides of (5.4) and (5.5) vanish. Furthermore, from [13] we
have that

Ne¢

(lhs Wh) M(we), Cp(we) = Zujw]-,
j=1

for any wy, = 3, wje;, where ¢; is the piecewise linear finite element basis functions corre-
sponding to the vertex x;.
To estimate the term A™'p,, we use the residual error estimator for Dirac measure data from

[2] (note that here p,|x ¢ L*(K)): There exists a constant ¢, > 0 independent of h such that
1/2

||gh - ‘g”LZ(wO) < Co Z h?(”[[Vgh : V]]IliZ(aK\ng) = C2’7y-
KeTy

19



The term (i, Wh — W) pf(0.), Cp (we) frOm the right-hand side of (5.4) can be estimated as

Np Np
Gy Wh = W) M(wo).Cotwn) = s 41 (W) = () = > wj(wn(xy) = I 7 (x7))
j=1 j=1

/VghV(v‘vh—ITW)dx:/Vth(W—ITW) dx
Q Q

Z/ Vi, - v(w—I7w)ds
KeTy, 79K

IA

1/2
CZCI( Z h?(”[[Vgh : V]]HEZ((QK\(;Q)) |W|H2(Q)

KeTy

1/2
< ccrcs Z h?(”[[Vy_h : V]]HEZ(BK\aQ) ||}7h - 95||L2(w0)
KeTy

: C3’7W,

where we have used the definition of i, in the third equality, the definition of wj, and w in the
fourth equality, and elementwise integration by parts, elementwise linearity of i, in the fifth
equality, as well as (2.13) and (2.14).

In order to estimate 1 — k, we apply the L*(Q) residual error estimator of [40]; see also [44],
which is valid even for nonconvex polyhedral domains. It was proven in [40] that there exists a
constant ¢ > 0 depending on Q and the shape regularity of the triangulation such that

[Wh = Wil < ¢l 10g Amin|? max (hin—Awh + Xos @ = 4 o0
KeTy
T hell [V - v]1||Lm<aK\aQ>) =,

where hyin := mingeg;, hi. Inserting this into (5.6), we obtain

B*w —-a+cng,
(5.8) 1-k < max(” nllx UW, ) =: 7.

IB*Whllx +cniy
Collecting all the results, we obtain from Proposition 5.1 the a posteriori estimates
(5.9) gn — gllizwo) < 43 + 40 (ks Wh) M(we), Cp(00)

2
+ 4((32’7y + Nicllgn — gélle(wD)) s
(5-10) ]a(aha gh) _J(Z(av 17) < C3fy + 1k (ip, Wh)M(wc),Cb(wc)

N 4(c2ny + nellgn - g‘sanmo))ngh = ¢l

Remark 4. A posteriori estimators for a state-constrained control problem can also be found
in [43]. This control problem is related to the dual problem to (5.7), which takes the form of a
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state-constrained problem without a discrepancy term. (Conversely, the dual to the problem
in [43] involves a Huber norm in place of the measure-space norm in (5.7).) Furthermore, in
[43] the state constraint is penalized, which manifests in an additional L? penalty in the dual
problem. The resulting error estimator then gives combined bounds on the regularization and
the discretization error.

6 Numerical example

We illustrate our error estimators with numerical results for the example from Section 5.2. In
order to have available an exact analytical solution, we use the example from [41, Section 8.1]:
Setting Q = w, = w, = B;(0) € R?, we have that —Ay" = u for
; 1 ; 1,
y (.X') =——1In (maX {P, |X|2}) s u'=-——H |6Bp(0)7
2 2mp
where p € (0,1) is arbitrary and /! denotes the one-dimensional Hausdorff measure. Further-

more, i = ug = u' is the minimizer of (5.7) for given > 0 if the data is chosen as

¢ () = == In (max {p, [xl}) + o (Il
T

with
_ —6(3;_32’)) forr <p
(p(r) ~ ) 6(3r2—2rp—2r+p)

o-0r forr > p.

In the following, we set p = 0.5 and @ = 102 unless specified otherwise. The corresponding
discrete approximations iy are computed using the approach from [13].

We first illustrate Proposition 5.1 by comparing in Figure 1 the errors in residual and functional
value to the terms in (5.9) and (5.10) for a sequence of adaptively refined meshes for uniform
refinement (Figure 1a) as well as for adaptive refinement using the procedure described in [44]
(Figure 1b). We also show to the rate O(h?), which up to a logarithmic factor is known to hold
for the residual and Tikhonov functional error; see [41, Thm. 6.2]. This rate also seems to be
satisfied for our estimator.

To illustrate Proposition 2.1, we consider g := y' as exact data, add Gaussian noise at different
levels 8, and adaptively compute the corresponding minimizer ug (8).h(5)" Specifically, we start
from a relatively large @y = 1072 and coarse uniform mesh. In an outer loop, we then reduce the
regularization parameter a; = ao0* for 6 = 0.6 until the discrepancy principle (2.5) with 7 = 2 is
satisfied. In an inner loop, we adaptively refine the discretization according to the error estimator
from Proposition 5.1 until the precision requirements (2.6) and (2.7) from Proposition 2.1 are
satisfied. The resulting residuals, regularization parameters and functional values for different
noise levels are plotted in Figure 2 and show a convergence rate of O(9).
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Figure 1: Comparison of true error and estimator
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Figure 2: Illustration of convergence rates as § — 0

7 Conclusion

Reliable estimators for the discretization error in Tikhonov regularization can be computed
using the approach from [42]. Combining this with a general result on convergence of discrete
approximations and an appropriate adaptive mesh refinement strategy yields convergence of
these approximations to a solution of the inverse problem. The approach can in particular be
applied to the Banach-space setting required for sparsity enhancement or Ivanov regularization.

These error estimators can be incorporated into a local refinement strategy for mesh adapta-
tion. As shown in the examples, the estimators can be written in terms of sums over the element
domains (or their interfaces) of a triangulation. Thus it makes sense to subdivide elements with
relatively large contribution to the error estimator. Note that using variational discretizations
according to [13, 25], we do not refine independently for parameter, state, and adjoint, but use a
common mesh for all three quantities.

Future research will be devoted to transferring this approach to nonlinear inverse problems
via iterative linearization similarly to [29] as well as to all-at-once approaches based on the
model-and-measurement formulation (1.1-1.2).
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Appendix

In this appendix we prove that the implication (3.9) holds for ¢ and y chosen according to (3.10).
Since a + b® < ¢ + d? is equivalent to a + (b + d)? < 2bd + ¢ + 2d? for b, d > 0, the implication
(3.9) is equivalent to

(A1) Ve,d > 0Y0 <b < Ve+d?: 2bd < (y —1)c + (0 — 2)d°,

which (with b = 0) can only be satisfied if y > 1 and ¢ > 2. It suffices to consider in (a.1) strictly
positive d, so that upon division by d? and setting x = % and y = —, the conclusion of (3.9) is
equivalent to

c22Ay2z1AVy2z0Yxe[0.\T+y]: 2x<(y-Dy+o-2.
This obviously holds iff
C22AYy21AYYy20: 24/1+y<(y—ly+o-2.
Setting z = \/1 + y — 1, this is equivalent to
c22AYy21AVZz20:22<(y-1)((z+1)*-1)+0—4.
For z = 0, this implies ¢ > 4, and hence (3.9) is equivalent to
C24ANYy21AYZ20: 0<(y-1)22-2(2—y)z+0 —4.

We first consider the right-hand side as a quadratic polynomial in z, whose roots are given by
z=(-1)'2-yFVD)forD:= (2-y)> = (y —1)(6 — 4) = y* — yo + 0. We thus arrive at
the equivalent condition

cz4Ay21A(D<0V [D20A2-y+VD<0]).
Considering now D as a quadratic polynomial in y with roots

20 o+ Vo2 —-4co
)’—:—’ )’+:—’
o+ Vol —-40 2

we arrive at
o224 Ay21A(r-<y<p V[yzy Vy<y)Ayz2A (y-2°2D]).

For ¢ > 4 and y > 1, it can be easily checked that (y — 2)? > Dand 1 < y_ < 2 hold (the latter
with strict inequality if o > 4). We have thus shown that (3.9) holds iff the conditions (3.10) are
satisfied.
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